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Quantum Estimation Theory

✓

3.1 Classical and Quantum Estimation Theory

The state of a physical system S may be specified by a certain set of param-
eters ⇥, hence we denote the state of S, described by ⇥, as S⇥. We declare
that our goal is to estimate the value of one of the parameters describing
the state of S; we call the chosen parameter ✓. We suppose that ✓ cannot
be directly measured by a physical observable, but that its value can be
inferred by measuring another observable X on S⇥ and by extracting the
parameter estimate by means of a proper estimator applied on the measure-
ment outcomes. If {x1, x2, . . . , xM} is the measurement sample and ✓̂ the
chosen estimator function, ✓̂(x1, . . . , xM ) represents a possible estimation of
the true value of parameter ✓ when the system is in state S⇥.

3.1.1 Variance of an estimator

Iterating the above-mentioned estimation procedure, one can assume that
the experimental samples follow some unknown distribution p(x1, . . . , xM |✓)
depending on the true value ✓ of the parameter being estimated. Hence, one
can define the estimator expected value as follows:

Definition 1. Given an estimator function ✓̂, the estimator expected value
over all possible samples is defined as:

E✓[✓̂] =

Z
d x1 . . . d xM p(x1, . . . , xM |✓) ✓̂(x1, . . . , xM ) . (3.1)

The bias of an estimator is the di↵erence between the estimator’s ex-
pected value and the true value of the parameter being estimated.

Definition 2. An estimator ✓̂ is said to be unbiased if its bias is zero, i.e.:
Z

d x1 . . . d xM p(x1, . . . , xM |✓) ✓̂(x1, . . . , xM ) = ✓ . (3.2)

Together with the expected value, one can also define the variance of a
given estimator:

Definition 3. Given an unbiased estimator ✓̂, the variance of such an esti-
mator is defined as:

Var[✓̂] = E

⇣
✓̂ � E✓[✓̂]

⌘2
�

=

Z
d x1 . . . d xM p(x1, . . . , xM |✓)

⇣
✓̂ � E✓[✓̂]

⌘2

and it shows how far, on average, the collection of estimates are from their
expected value, thus being an indication of their reliability.
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✦ Z. Jiang, Phys. Rev. A 89, 032128 (2014) 
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Results: QFI
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Fig. 1.3: Homodyne detection Fisher information compared with the QFI

to the function �
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, so that the behavior outlined is independent of the par-

ticular spectral density and of time.
As expected, in the high temperature limit the optimal measurement scheme
is well approximated by measuring in the momentum eigenbasis in a broad
region on the initial state parameters, as a matter of fact we observed that
the relation |�
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| � |�
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| is easily satisfied. In the bottom-left plot in Fig-
ure 1.3 the momentum Fisher reproduces so well the QFI that it results
indistinguishable. On the contrary, in the low temperature limit we noticed
the presence of a set of points in which the optimal measurement scheme
was actually a position measurement, since |�

22

| vanished. This is confirmed
by the ratio plot in Figure 1.3, where the set of points favoring a position
measurement is well displayed. However, we also added that apart from
that small region the relative magnitude of the matrix coe�cients behaves
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