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Cooling and State preparation with atoms in optical lattices
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Key challenges: • Cooling to low temperatures 
• Characterisation and control of decoherence / noise / heating 

• Sensitive many-body phases, e.g., quantum magnetism with two-component gases:

• Preparation of squeezed / entangled states for quantum metrology:

accuracy of the final Dicke state superior to that of the
initial N fermion uncorrelated state.

Rather than allowing losses amongst a macroscopic
sample of atoms, for which the approach to the steady state
could be quite slow, we imagine an array of T 1D tubes
created by a 2D optical lattice (see Fig. 3). Although there
will be variations in the atom number from tube to tube, for
simplicity we take each tube to have exactlyN fermionic
AEAs in the 1S0 electronic state and Iz ¼ I nuclear-spin
state, denoted j1S0; Ii. For the analysis in this Letter to be
valid, the temperature should be small compared to the
vibrational level spacing in the transverse tube direction,
and also low enough that only the harmonic part of the
trapping potential along the tube axis is sampled by the
atoms. A !=2 pulse on the spin degrees of freedom
[j1S0; Ii ! 1ffiffi

2
p ðj1S0; Iiþ j1S0; I $ 1iÞ], followed by single

particle dephasing, generates a statistical mixture of the
two spin states (Iz ¼ I and Iz ¼ I $ 1). Losses can be
initiated by applying a ! pulse on the clock transition
(j1S0; Izi ! j3P0; I

zi). We estimate that this ! pulse can
be achieved on the & 100 "s time scale without exciting
transverse excitations in the tubes (which, if present, vio-
late the assumption of a 1D geometry and destroy the
uniqueness of the steady state). Thus the transfer into 3P0
is sufficiently fast that it can be considered instantaneous
on the initial time scale of reactive collisions-which, based
on universal considerations for a Lieb-Liniger gas, we
estimate to be * 1 ms for experimentally relevant 1D
densities [19]—such that it suddenly initiates strong two-
body s-wave losses.

The steady state of the system is a statistical mixture of
Dicke states in the different tubes, each having some value
of Dj particles (centered around D0 &

ffiffiffiffiffiffiffi
N

p
) and spin

projection Szj (centered around zero). Spin selective transfer

of j3P0; I $ 1i into j1S0; Iimaps the spin degree of freedom
onto the clock states, leaving a spin-polarized sample, and
Ramsey spectroscopy on the clock transition can then be
performed [28]. Despite the fluctuation of both Dj and Szj
from one tube to another, accurate knowledge of the initial
value of total Sz ¼ P

jS
z
j guarantees that the minimum

resolvable rotation angle in a Ramsey experiment scales as

#’min ' 1=D0

ffiffiffiffiffi
T

p
: (4)

This result is derived in the Supplemental Material [25] and
can be interpreted as the existence of Heisenberg scaling
(' 1=D0) of phase sensitivity for each tube, which is then
combined between tubes in a statistically independent man-

ner (hence the 1=
ffiffiffiffiffi
T

p
). As mentioned above, in order to

utilize this phase sensitivity the initial value of Sz must be
accurately known. Because Sz is conserved by the losses, it
can be measured before transfer to the 3P0 state, and hence
the measurement does not need to preserve any interparticle
correlations (since these develop during the losses). Accurate
measurements of this type and precision for'100 atoms in
an optical cavity have recently been demonstrated [29].
The primary limitations on the final state fidelity achiev-

able in experiments are likely to be a combination of finite
p-wave losses (which the Dicke states are not dark to) and
magnetic field gradients. At sub-"K temperatures, the
s-wave losses in a spin mixture of 87Sr are expected to
be about an order of magnitude faster than the p-wave
losses [18]. For reactive molecules (or 171Yb), where the
inelastic collisions are expected to more fully saturate the
unitarity bound [17], this separation of rates will most
likely be even larger. Magnetic field gradients couple
sectors of different total S, all of which are separated
from the Dicke manifold by a gap for finite systems and
nonzero aR, so in principle their adverse effects can be
suppressed to first order [30]. Furthermore, if the two
components of the Fermi gas are two nuclear spin states
of an AEA, they will be extremely insensitive to magnetic
field gradients: We estimate that typical gradients
(1 mG=cm) will cause spin dephasing on a 100 s time
scale for a linear system size of 100 "m. This time scale
is several orders of magnitude longer than the initial two-
body loss rate in tightly confined 1D tubes, which we
estimate to be on the order of 10 ms for 87Sr (assuming a
50ER 2D lattice and scaling the density dependent loss rate
from Ref. [18]), and even faster for 171Yb [17]. A more
quantitative analysis of the effects of both magnetic field
imperfections and finite p-wave losses requires numerics
beyond the scope of this work, and is left for future study.
We thank Jun Ye, Kaden Hazzard, and Goulven

Quéméner for helpful discussions. This work was sup-
ported by NIST, the NSF (PIF and PFC grants), AFOSR
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FIG. 3 (color online). (a) An array of T 1D tubes, each having
Dj atoms in a Dicke state. (b) Bloch sphere representation of a
Dicke state in a particular tube.
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will be variations in the atom number from tube to tube, for
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zi). We estimate that this ! pulse can
be achieved on the & 100 "s time scale without exciting
transverse excitations in the tubes (which, if present, vio-
late the assumption of a 1D geometry and destroy the
uniqueness of the steady state). Thus the transfer into 3P0
is sufficiently fast that it can be considered instantaneous
on the initial time scale of reactive collisions-which, based
on universal considerations for a Lieb-Liniger gas, we
estimate to be * 1 ms for experimentally relevant 1D
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accurately known. Because Sz is conserved by the losses, it
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likely be even larger. Magnetic field gradients couple
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suppressed to first order [30]. Furthermore, if the two
components of the Fermi gas are two nuclear spin states
of an AEA, they will be extremely insensitive to magnetic
field gradients: We estimate that typical gradients
(1 mG=cm) will cause spin dephasing on a 100 s time
scale for a linear system size of 100 "m. This time scale
is several orders of magnitude longer than the initial two-
body loss rate in tightly confined 1D tubes, which we
estimate to be on the order of 10 ms for 87Sr (assuming a
50ER 2D lattice and scaling the density dependent loss rate
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Dissipative dynamics / open many-body quantum systems:

System Environment

                               
 Analogies to quantum optics in many-body systems: 

• Quantum Optics description - microscopic models, well-controlled approximations 
        (master equation, quantum stochastic Schrödinger equations) 

• Quantum Optics tools (laser cooling, optical pumping / dissipative preparation) 

REVIEWS:     A. J. Daley, Advances in Physics 63, 77 (2014) 
M. Müller, S. Diehl, G. Pupillo, and P. Zoller, Adv. At. Mol. Opt. Phys 61, 1 (2012)  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Dissipative driving in quantum optics
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accuracy of the final Dicke state superior to that of the
initial N fermion uncorrelated state.

Rather than allowing losses amongst a macroscopic
sample of atoms, for which the approach to the steady state
could be quite slow, we imagine an array of T 1D tubes
created by a 2D optical lattice (see Fig. 3). Although there
will be variations in the atom number from tube to tube, for
simplicity we take each tube to have exactlyN fermionic
AEAs in the 1S0 electronic state and Iz ¼ I nuclear-spin
state, denoted j1S0; Ii. For the analysis in this Letter to be
valid, the temperature should be small compared to the
vibrational level spacing in the transverse tube direction,
and also low enough that only the harmonic part of the
trapping potential along the tube axis is sampled by the
atoms. A !=2 pulse on the spin degrees of freedom
[j1S0; Ii ! 1ffiffi

2
p ðj1S0; Iiþ j1S0; I $ 1iÞ], followed by single

particle dephasing, generates a statistical mixture of the
two spin states (Iz ¼ I and Iz ¼ I $ 1). Losses can be
initiated by applying a ! pulse on the clock transition
(j1S0; Izi ! j3P0; I

zi). We estimate that this ! pulse can
be achieved on the & 100 "s time scale without exciting
transverse excitations in the tubes (which, if present, vio-
late the assumption of a 1D geometry and destroy the
uniqueness of the steady state). Thus the transfer into 3P0
is sufficiently fast that it can be considered instantaneous
on the initial time scale of reactive collisions-which, based
on universal considerations for a Lieb-Liniger gas, we
estimate to be * 1 ms for experimentally relevant 1D
densities [19]—such that it suddenly initiates strong two-
body s-wave losses.

The steady state of the system is a statistical mixture of
Dicke states in the different tubes, each having some value
of Dj particles (centered around D0 &

ffiffiffiffiffiffiffi
N

p
) and spin

projection Szj (centered around zero). Spin selective transfer

of j3P0; I $ 1i into j1S0; Iimaps the spin degree of freedom
onto the clock states, leaving a spin-polarized sample, and
Ramsey spectroscopy on the clock transition can then be
performed [28]. Despite the fluctuation of both Dj and Szj
from one tube to another, accurate knowledge of the initial
value of total Sz ¼ P

jS
z
j guarantees that the minimum

resolvable rotation angle in a Ramsey experiment scales as

#’min ' 1=D0

ffiffiffiffiffi
T

p
: (4)

This result is derived in the Supplemental Material [25] and
can be interpreted as the existence of Heisenberg scaling
(' 1=D0) of phase sensitivity for each tube, which is then
combined between tubes in a statistically independent man-

ner (hence the 1=
ffiffiffiffiffi
T

p
). As mentioned above, in order to

utilize this phase sensitivity the initial value of Sz must be
accurately known. Because Sz is conserved by the losses, it
can be measured before transfer to the 3P0 state, and hence
the measurement does not need to preserve any interparticle
correlations (since these develop during the losses). Accurate
measurements of this type and precision for'100 atoms in
an optical cavity have recently been demonstrated [29].
The primary limitations on the final state fidelity achiev-

able in experiments are likely to be a combination of finite
p-wave losses (which the Dicke states are not dark to) and
magnetic field gradients. At sub-"K temperatures, the
s-wave losses in a spin mixture of 87Sr are expected to
be about an order of magnitude faster than the p-wave
losses [18]. For reactive molecules (or 171Yb), where the
inelastic collisions are expected to more fully saturate the
unitarity bound [17], this separation of rates will most
likely be even larger. Magnetic field gradients couple
sectors of different total S, all of which are separated
from the Dicke manifold by a gap for finite systems and
nonzero aR, so in principle their adverse effects can be
suppressed to first order [30]. Furthermore, if the two
components of the Fermi gas are two nuclear spin states
of an AEA, they will be extremely insensitive to magnetic
field gradients: We estimate that typical gradients
(1 mG=cm) will cause spin dephasing on a 100 s time
scale for a linear system size of 100 "m. This time scale
is several orders of magnitude longer than the initial two-
body loss rate in tightly confined 1D tubes, which we
estimate to be on the order of 10 ms for 87Sr (assuming a
50ER 2D lattice and scaling the density dependent loss rate
from Ref. [18]), and even faster for 171Yb [17]. A more
quantitative analysis of the effects of both magnetic field
imperfections and finite p-wave losses requires numerics
beyond the scope of this work, and is left for future study.
We thank Jun Ye, Kaden Hazzard, and Goulven

Quéméner for helpful discussions. This work was sup-
ported by NIST, the NSF (PIF and PFC grants), AFOSR
and ARO individual investigator grants, and the ARO with
funding from the DARPA-OLE program.

[1] R. Horodecki, P. Horodecki, M. Horodecki, and K.
Horodecki, Rev. Mod. Phys. 81, 865 (2009).

[2] V. Giovannetti, S. Lloyd, and L. Maccone, Science 306,
1330 (2004).

[3] T. Monz, P. Schindler, J. T. Barreiro, M. Chwalla, D. Nigg,
W.A. Coish, M. Harlander, W. Hänsel, M. Hennrich, and
R. Blatt, Phys. Rev. Lett. 106, 130506 (2011).

FIG. 3 (color online). (a) An array of T 1D tubes, each having
Dj atoms in a Dicke state. (b) Bloch sphere representation of a
Dicke state in a particular tube.

PRL 109, 230501 (2012) P HY S I CA L R EV I EW LE T T E R S
week ending

7 DECEMBER 2012

230501-4

System Environment

accuracy of the final Dicke state superior to that of the
initial N fermion uncorrelated state.

Rather than allowing losses amongst a macroscopic
sample of atoms, for which the approach to the steady state
could be quite slow, we imagine an array of T 1D tubes
created by a 2D optical lattice (see Fig. 3). Although there
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Two-body loss and preparation of symmetric spin states
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Reactive collisions in AEAs and molecules
A reactive collision is like asking a question... 

? • Consider s-wave collisional losses between trapped fermions

• Symmetry:
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Reactive collisions in AEAs and molecules
A reactive collision is like asking a question... 

?
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entanglement!

Reactive collisions in AEAs and molecules

?
A reactive collision is like asking a question... 

Symmetric spatial wavefunction, s-wave scattering  
                      COLLISIONAL LOSS

Antisymmetric spatial wavefunction, no s-wave scattering  
         NO COLLISIONAL LOSS AT LOW ENERGIES

M. Foss-Feig, A. J. Daley, J. K. Thompson, and A. M. Rey, PRL 109, 230501 (2012)



Implementation
• Two spin states with s-wave collisional loss, magnetic field insensitive states, e.g., 87Sr

1S0

3P1
3P0

3P2

1P1

689nm

• Trap requirement: No rotation between singlet and triplet states 
           (e.g., Harmonic trap / 1D lattice OR Fermi-Hubbard lattice in 1D)
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accuracy of the final Dicke state superior to that of the
initial N fermion uncorrelated state.

Rather than allowing losses amongst a macroscopic
sample of atoms, for which the approach to the steady state
could be quite slow, we imagine an array of T 1D tubes
created by a 2D optical lattice (see Fig. 3). Although there
will be variations in the atom number from tube to tube, for
simplicity we take each tube to have exactlyN fermionic
AEAs in the 1S0 electronic state and Iz ¼ I nuclear-spin
state, denoted j1S0; Ii. For the analysis in this Letter to be
valid, the temperature should be small compared to the
vibrational level spacing in the transverse tube direction,
and also low enough that only the harmonic part of the
trapping potential along the tube axis is sampled by the
atoms. A !=2 pulse on the spin degrees of freedom
[j1S0; Ii ! 1ffiffi

2
p ðj1S0; Iiþ j1S0; I $ 1iÞ], followed by single

particle dephasing, generates a statistical mixture of the
two spin states (Iz ¼ I and Iz ¼ I $ 1). Losses can be
initiated by applying a ! pulse on the clock transition
(j1S0; Izi ! j3P0; I

zi). We estimate that this ! pulse can
be achieved on the & 100 "s time scale without exciting
transverse excitations in the tubes (which, if present, vio-
late the assumption of a 1D geometry and destroy the
uniqueness of the steady state). Thus the transfer into 3P0
is sufficiently fast that it can be considered instantaneous
on the initial time scale of reactive collisions-which, based
on universal considerations for a Lieb-Liniger gas, we
estimate to be * 1 ms for experimentally relevant 1D
densities [19]—such that it suddenly initiates strong two-
body s-wave losses.

The steady state of the system is a statistical mixture of
Dicke states in the different tubes, each having some value
of Dj particles (centered around D0 &

ffiffiffiffiffiffiffi
N

p
) and spin

projection Szj (centered around zero). Spin selective transfer

of j3P0; I $ 1i into j1S0; Iimaps the spin degree of freedom
onto the clock states, leaving a spin-polarized sample, and
Ramsey spectroscopy on the clock transition can then be
performed [28]. Despite the fluctuation of both Dj and Szj
from one tube to another, accurate knowledge of the initial
value of total Sz ¼ P

jS
z
j guarantees that the minimum

resolvable rotation angle in a Ramsey experiment scales as

#’min ' 1=D0

ffiffiffiffiffi
T

p
: (4)

This result is derived in the Supplemental Material [25] and
can be interpreted as the existence of Heisenberg scaling
(' 1=D0) of phase sensitivity for each tube, which is then
combined between tubes in a statistically independent man-

ner (hence the 1=
ffiffiffiffiffi
T

p
). As mentioned above, in order to

utilize this phase sensitivity the initial value of Sz must be
accurately known. Because Sz is conserved by the losses, it
can be measured before transfer to the 3P0 state, and hence
the measurement does not need to preserve any interparticle
correlations (since these develop during the losses). Accurate
measurements of this type and precision for'100 atoms in
an optical cavity have recently been demonstrated [29].
The primary limitations on the final state fidelity achiev-

able in experiments are likely to be a combination of finite
p-wave losses (which the Dicke states are not dark to) and
magnetic field gradients. At sub-"K temperatures, the
s-wave losses in a spin mixture of 87Sr are expected to
be about an order of magnitude faster than the p-wave
losses [18]. For reactive molecules (or 171Yb), where the
inelastic collisions are expected to more fully saturate the
unitarity bound [17], this separation of rates will most
likely be even larger. Magnetic field gradients couple
sectors of different total S, all of which are separated
from the Dicke manifold by a gap for finite systems and
nonzero aR, so in principle their adverse effects can be
suppressed to first order [30]. Furthermore, if the two
components of the Fermi gas are two nuclear spin states
of an AEA, they will be extremely insensitive to magnetic
field gradients: We estimate that typical gradients
(1 mG=cm) will cause spin dephasing on a 100 s time
scale for a linear system size of 100 "m. This time scale
is several orders of magnitude longer than the initial two-
body loss rate in tightly confined 1D tubes, which we
estimate to be on the order of 10 ms for 87Sr (assuming a
50ER 2D lattice and scaling the density dependent loss rate
from Ref. [18]), and even faster for 171Yb [17]. A more
quantitative analysis of the effects of both magnetic field
imperfections and finite p-wave losses requires numerics
beyond the scope of this work, and is left for future study.
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steady state. It is crucial to observe that the jump operators
only remove spin singlets from the system, which follows
from Fermi statistics combined with the even exchange
symmetry of the spatial part of any two-particle wave
function susceptible to s-wave scattering. Intuitively, this
suggests that losses do not decrease the expectation value
of the total spin, S ¼ 1

2

R
d3rc y

!ðrÞ!!!0c !0ðrÞ (! being a
vector whose components are the Pauli matrices).
Mathematically, we say that d

dt hS $ Si ¼ Tr½"S $ S& ¼ 0,
which can be verified in the case when H is SUð2Þ
invariant by checking that ½S $ S;J ðrÞ& ¼ 0. A stronger
consequence of the commutation of all J ðrÞ with S $ S is
that population in any sector of total spin, P S, is also
conserved. Because any state with well-defined total spin
S must have hN̂i ' 2S particles (where N̂ ¼ R

d3rc y
!c !

is the total number operator), an immediate consequence is
that the loss of particles can only yield the vacuum deter-
ministically at long times if the initial state is a total spin
singlet. For an uncorrelated spin state, such as a nonde-
generate thermal distribution ofN fermions in a balanced
incoherent mixture of " and # , it can be shown that [24]

NðtÞ ( Tr½"N̂& '
X

S

2SP S ¼
#1=2!½N2 þ 1&
!½N2 þ 1

2&
* 1; (3)

which places a lower bound on the steady-state expectation
value for the number of particles NðtÞ. This expectation
value determines the particle number in a typical steady-
state configuration, and is achieved (on average) without
any postselection, but variations of the steady-state particle
number will occur from shot to shot. Stirling’s approxima-

tion for large N yields an approximate bound NðtÞ *ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
#N =2

p
. For the chosen restriction on the initial state,

the validity of Eq. (3) depends only on the SUð2Þ invari-
ance ofH , and not on its precise form. Whether the bound
(3) is saturated in the steady state, however, is an important
and delicate issue. The bound is only saturated when, in
every sector of total spin S, there are exactly N S ¼ 2S
particles. Because the latter condition is only satisfied by
Dicke states, saturation of Eq. (3) guarantees that all of the
"n
s describe pure Dicke states in the steady state.

Demonstrating that this bound is saturated in certain ex-
perimentally relevant situations, namely, a 1D harmonic
trap and a 1D Hubbard chain, is a central technical result of
this Letter.

Saturation of the bound in Eq. (3) is guaranteed if, for
any fixed value of n and Sz, the pure density matrix
jn=2; Szihn=2; Szj is the unique steady-state reduced spin
density matrix. This uniqueness, in turn, is equivalent to
requiring that any dark state with quantum numbers n and
Sz has a well-defined spin wave function given by the
Dicke state jn=2; Szi. In the Supplemental Material [25]
we prove this to be true for a 1D harmonic oscillator
potential, and we have verified it numerically for a 1D
Hubbard chain (see below). It is worth noting at this point

that, while the equivalence of dark states with the Dicke
states is intuitive, there are natural Hamiltonians for which
this intuition is incorrect. In particular, all Hamiltonians in
D> 1 that are separable in Cartesian coordinates do have
dark states with F S;Sz < 1.
In order to verify the above statements numerically, we

have performed quantum trajectories simulations for an
8-site Hubbard chain with open boundary conditions, an
initial filling of one particle per site, and zero polarization
(N ¼ 8 and Sz ¼ 0). In Fig. 2 we show the calculated
particle number and average Dicke state fidelity, F ðtÞ ¼
1
4

P4
S¼1 F S;0, and one can see that the former saturates the

bound Eq. (3) while the latter approaches unity at long
times. For this calculation we solve for Oð104Þ trajectories
with no approximation.
Experimental realization.—Dicke states are known to be

useful for a variety of quantum information protocols,
including but not limited to quantum secret sharing [26],
teleportation [27], and sub-shot-noise limited precision
spectroscopy [7]. Here we give a brief description of how
the proposed Dicke state preparation could be used in
precision spectroscopy of the clock transition in alkaline-
earth atoms. For a fixed interrogation time, spectroscopy
on N uncorrelated atoms has a phase sensitivity $’ *
1=

ffiffiffiffiffiffiffi
N

p
, a bound known as the standard quantum limit. On

the other hand, spectroscopy on a Dicke state of N
particles with spin Sz ¼ 0 has the potential to approach
the Heisenberg limit of phase sensitivity, $’+ 1=N
[7,28]. It is important to realize that the production of
Dicke states with

ffiffiffiffiffiffiffi
N

p
fermions via two-particle loss

does not actually enhance the phase sensitivity relative to
the initial state with N fermions; the enhancement in
phase sensitivity between the standard quantum limit and
the Heisenberg limit exactly compensates the reduction of
particle number. However, the reduced particle number in
the Dicke state and darkness to real s-wave interactions
(which if present generate clock shifts) can render the
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FIG. 2 (color online). Particle number [NðtÞ, solid red line] and
average Dicke state fidelity [F ðtÞ, dashed blue line] for an 8-site
Hubbard chain. For NðtÞ, the shaded region is an estimate of the
statistical error from sampling of a finite number of trajectories.
The black dotted line is the analytic bound in Eq. (3).
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steady state. It is crucial to observe that the jump operators
only remove spin singlets from the system, which follows
from Fermi statistics combined with the even exchange
symmetry of the spatial part of any two-particle wave
function susceptible to s-wave scattering. Intuitively, this
suggests that losses do not decrease the expectation value
of the total spin, S ¼ 1

2

R
d3rc y

!ðrÞ!!!0c !0ðrÞ (! being a
vector whose components are the Pauli matrices).
Mathematically, we say that d

dt hS $ Si ¼ Tr½"S $ S& ¼ 0,
which can be verified in the case when H is SUð2Þ
invariant by checking that ½S $ S;J ðrÞ& ¼ 0. A stronger
consequence of the commutation of all J ðrÞ with S $ S is
that population in any sector of total spin, P S, is also
conserved. Because any state with well-defined total spin
S must have hN̂i ' 2S particles (where N̂ ¼ R

d3rc y
!c !

is the total number operator), an immediate consequence is
that the loss of particles can only yield the vacuum deter-
ministically at long times if the initial state is a total spin
singlet. For an uncorrelated spin state, such as a nonde-
generate thermal distribution ofN fermions in a balanced
incoherent mixture of " and # , it can be shown that [24]

NðtÞ ( Tr½"N̂& '
X

S

2SP S ¼
#1=2!½N2 þ 1&
!½N2 þ 1

2&
* 1; (3)

which places a lower bound on the steady-state expectation
value for the number of particles NðtÞ. This expectation
value determines the particle number in a typical steady-
state configuration, and is achieved (on average) without
any postselection, but variations of the steady-state particle
number will occur from shot to shot. Stirling’s approxima-

tion for large N yields an approximate bound NðtÞ *ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
#N =2

p
. For the chosen restriction on the initial state,

the validity of Eq. (3) depends only on the SUð2Þ invari-
ance ofH , and not on its precise form. Whether the bound
(3) is saturated in the steady state, however, is an important
and delicate issue. The bound is only saturated when, in
every sector of total spin S, there are exactly N S ¼ 2S
particles. Because the latter condition is only satisfied by
Dicke states, saturation of Eq. (3) guarantees that all of the
"n
s describe pure Dicke states in the steady state.

Demonstrating that this bound is saturated in certain ex-
perimentally relevant situations, namely, a 1D harmonic
trap and a 1D Hubbard chain, is a central technical result of
this Letter.

Saturation of the bound in Eq. (3) is guaranteed if, for
any fixed value of n and Sz, the pure density matrix
jn=2; Szihn=2; Szj is the unique steady-state reduced spin
density matrix. This uniqueness, in turn, is equivalent to
requiring that any dark state with quantum numbers n and
Sz has a well-defined spin wave function given by the
Dicke state jn=2; Szi. In the Supplemental Material [25]
we prove this to be true for a 1D harmonic oscillator
potential, and we have verified it numerically for a 1D
Hubbard chain (see below). It is worth noting at this point

that, while the equivalence of dark states with the Dicke
states is intuitive, there are natural Hamiltonians for which
this intuition is incorrect. In particular, all Hamiltonians in
D> 1 that are separable in Cartesian coordinates do have
dark states with F S;Sz < 1.
In order to verify the above statements numerically, we

have performed quantum trajectories simulations for an
8-site Hubbard chain with open boundary conditions, an
initial filling of one particle per site, and zero polarization
(N ¼ 8 and Sz ¼ 0). In Fig. 2 we show the calculated
particle number and average Dicke state fidelity, F ðtÞ ¼
1
4

P4
S¼1 F S;0, and one can see that the former saturates the

bound Eq. (3) while the latter approaches unity at long
times. For this calculation we solve for Oð104Þ trajectories
with no approximation.
Experimental realization.—Dicke states are known to be

useful for a variety of quantum information protocols,
including but not limited to quantum secret sharing [26],
teleportation [27], and sub-shot-noise limited precision
spectroscopy [7]. Here we give a brief description of how
the proposed Dicke state preparation could be used in
precision spectroscopy of the clock transition in alkaline-
earth atoms. For a fixed interrogation time, spectroscopy
on N uncorrelated atoms has a phase sensitivity $’ *
1=

ffiffiffiffiffiffiffi
N

p
, a bound known as the standard quantum limit. On

the other hand, spectroscopy on a Dicke state of N
particles with spin Sz ¼ 0 has the potential to approach
the Heisenberg limit of phase sensitivity, $’+ 1=N
[7,28]. It is important to realize that the production of
Dicke states with

ffiffiffiffiffiffiffi
N

p
fermions via two-particle loss

does not actually enhance the phase sensitivity relative to
the initial state with N fermions; the enhancement in
phase sensitivity between the standard quantum limit and
the Heisenberg limit exactly compensates the reduction of
particle number. However, the reduced particle number in
the Dicke state and darkness to real s-wave interactions
(which if present generate clock shifts) can render the
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FIG. 2 (color online). Particle number [NðtÞ, solid red line] and
average Dicke state fidelity [F ðtÞ, dashed blue line] for an 8-site
Hubbard chain. For NðtÞ, the shaded region is an estimate of the
statistical error from sampling of a finite number of trajectories.
The black dotted line is the analytic bound in Eq. (3).
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described here is intrinsic and generic to a variety of
interesting and experimentally relevant systems, such as
fermionic alkaline-earth atoms (AEAs) and fermionic
dipolar molecules, and does not require any special engi-
neering of the system-reservoir coupling. After presenting
calculations in support of our claims, we discuss the pos-
sible realization of such steady states in an experiment. In
particular, we will propose a simple proof of principle
experiment in which the steady-state entanglement can
be revealed via Ramsey spectroscopy of the 1S0 to 3P0
clock transition of an AEA [14,15]. In this case, we will see
that the interferometric precision stays relatively constant
even as most of the particles are lost (all but !

ffiffiffiffiffiffiffi
N

p
in the

long time limit), signaling the development of quantum
correlations and the pursuant violation of the standard
quantum limit. The total loss of precision (due to particle
loss) exactly cancels the gain due to the growth of entan-
glement. However, a persistent precision under loss of
particles can provide enhanced spectroscopic accuracy. In
particular, interrogation of an atomic clock with fewer
atoms will reduce p-wave elastic [16] and inelastic [17]
collisions, which are a leading source of inaccuracy for
states immune to s-wave interactions [18] (e.g., spin-
polarized fermions).

Our description of spin- 12 fermions with two-body reac-
tive collisions relies on the formalism detailed in
Refs. [19–21], generalized for fermions, where we assume
the temperature to be sufficiently low that losses are dom-
inantly in the s-wave channel. As in Ref. [19], large kinetic
energy of fermions in the outgoing channels (which for
reactive molecules can correspond to temperatures in the
10 K range) guarantees they will be rapidly lost from any
typical atom trap, justifying a Born-Markov approxima-
tion. Given a density matrix % for the system (fermions,
Hilbert space S) plus reservoir (outgoing channels of the
inelastic collisions, Hilbert space R), the Born-Markov
approximation leads to a master equation for the system
reduced density matrix ! ¼ TrR½%$ [20]:

@ _! ¼ i½!;H $ % "

2

Z
d3rðJ yJ!þ !J yJ % 2J!J yÞ:

(1)

The system Hamiltonian H ¼ H 0 þ g
R
d3rJ yJ is

composed of an unspecified single-particle term H 0

and an interaction term with coupling constant g ¼
4#@2aR=m, where m is the particle mass and a ¼
aR þ iaI (aI < 0) is the complex s-wave scattering length.
The jump operators are defined by J ðrÞ ¼ c "ðrÞc #ðrÞ
(their explicit r dependence is suppressed in the integrals
above), where c $ðrÞ annihilates a fermion located at po-
sition r in internal state $ 2 f"; #g, and " ¼ %4#@2aI=m.
Assuming without loss of generality that the initial number
of particles N is even, the relevant system Hilbert space
can be written as a direct sum over spaces with well-
defined particle number, S ¼ SN ) SN%2 ) . . . ) S0,

between which coherence never develops. Hence, the den-
sity matrix can be decomposed into a sum of density
matrices in each particle-number sector, any one of which
we label by !n once normalized. Furthermore, any Hilbert
space Sn can be decomposed into a direct product between
motional (m) and spin (s) degrees of freedom, Sn ¼ Sn

m *
Sn
s , and we can define a reduced spin density matrix by

!n
s ¼ TrSm

½!n$. For what follows, it will be useful to define
a fidelity in a given Dicke state of the spin degrees of
freedom of n particles, jS ¼ n=2; Szi, given by the popu-
lation of !n

s in the Dicke state F S;Sz + hS; Szj!n
s jS; Szi.

Here, S and Sz are quantum numbers for the total spin
and its projection along the z axis, respectively.
Two particles.—To make the physics clear in a simple

context, we begin by considering two fermions in a single
double well potential (which could be formed in an optical
superlattice [22,23]). We consider a single wave function
’%ðrÞ in each well (% 2 fL; Rg), denote the creation op-
erator for a fermion in spin state $ and wave function ’%

by c y
$%, and choose an initial state c y

"Lc
y
#Rjvaci without

spin correlations (see Fig. 1). Within a tight binding model
for these two wave functions, the Hamiltonian is

H ¼ %J
X

$

ðc y
$Lc $R þ c y

$Rc $LÞ þU
X

%¼L;R

J y
%J %;

(2)

where J is the interwell hopping, J % ¼ c "%c #% are the
jump operators [Eq. (1)], U ¼ g

R
d3rj’%ðrÞj4 is the on-

site interaction energy, and & ¼ "
R
d3rj’%ðrÞj4 is the on-

site loss rate. The initial state can be decomposed into an
evenly weighted superposition of triplet and singlet
[ðc y

"Lc
y
#R , c y

#Lc
y
"RÞjvaci, with plus for the triplet], and

the spin wave function of the triplet is the entangled Dicke
state j1; 0i. The triplet jti, having a spin wave function that
is symmetric under exchange, has an orbital wave function
that is antisymmetric under exchange, and therefore it is
‘‘dark’’ to s-wave losses (i.e., J Ljti ¼ J Rjti ¼ 0). It also
happens to be an eigenstate of H , and so it is stationary
under propagation of the master equation. On the other
hand, there are no dark eigenstates in the singlet sector, and
as a result !2

s is pure at long times and satisfies F 1;0 ¼ 1
(see Fig. 1). In other words, the steady state of our system,
when restricted to the subspace with two particles, is the
entangled Dicke state j1; 0i. There is also a 50% probabil-
ity of obtaining the vacuum, and hence in an array of
double wells the entanglement fidelity is only unity after
postselection of the nonvacant wells. In this simple ex-
ample we see an important general feature of the physics
we will discuss, that even purely local (intrawell) dissipa-
tion, when coexisting with Hamiltonian dynamics that
delocalizes the particles, generates nonlocal (interwell)
spin correlations in the steady state.
Many particles.—Solving Eq. (1) for initial states with

N > 2 initial particles quickly becomes impossible, but
strong statements can nevertheless be made regarding the
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described here is intrinsic and generic to a variety of
interesting and experimentally relevant systems, such as
fermionic alkaline-earth atoms (AEAs) and fermionic
dipolar molecules, and does not require any special engi-
neering of the system-reservoir coupling. After presenting
calculations in support of our claims, we discuss the pos-
sible realization of such steady states in an experiment. In
particular, we will propose a simple proof of principle
experiment in which the steady-state entanglement can
be revealed via Ramsey spectroscopy of the 1S0 to 3P0
clock transition of an AEA [14,15]. In this case, we will see
that the interferometric precision stays relatively constant
even as most of the particles are lost (all but !

ffiffiffiffiffiffiffi
N

p
in the

long time limit), signaling the development of quantum
correlations and the pursuant violation of the standard
quantum limit. The total loss of precision (due to particle
loss) exactly cancels the gain due to the growth of entan-
glement. However, a persistent precision under loss of
particles can provide enhanced spectroscopic accuracy. In
particular, interrogation of an atomic clock with fewer
atoms will reduce p-wave elastic [16] and inelastic [17]
collisions, which are a leading source of inaccuracy for
states immune to s-wave interactions [18] (e.g., spin-
polarized fermions).

Our description of spin- 12 fermions with two-body reac-
tive collisions relies on the formalism detailed in
Refs. [19–21], generalized for fermions, where we assume
the temperature to be sufficiently low that losses are dom-
inantly in the s-wave channel. As in Ref. [19], large kinetic
energy of fermions in the outgoing channels (which for
reactive molecules can correspond to temperatures in the
10 K range) guarantees they will be rapidly lost from any
typical atom trap, justifying a Born-Markov approxima-
tion. Given a density matrix % for the system (fermions,
Hilbert space S) plus reservoir (outgoing channels of the
inelastic collisions, Hilbert space R), the Born-Markov
approximation leads to a master equation for the system
reduced density matrix ! ¼ TrR½%$ [20]:

@ _! ¼ i½!;H $ % "

2

Z
d3rðJ yJ!þ !J yJ % 2J!J yÞ:

(1)

The system Hamiltonian H ¼ H 0 þ g
R
d3rJ yJ is

composed of an unspecified single-particle term H 0

and an interaction term with coupling constant g ¼
4#@2aR=m, where m is the particle mass and a ¼
aR þ iaI (aI < 0) is the complex s-wave scattering length.
The jump operators are defined by J ðrÞ ¼ c "ðrÞc #ðrÞ
(their explicit r dependence is suppressed in the integrals
above), where c $ðrÞ annihilates a fermion located at po-
sition r in internal state $ 2 f"; #g, and " ¼ %4#@2aI=m.
Assuming without loss of generality that the initial number
of particles N is even, the relevant system Hilbert space
can be written as a direct sum over spaces with well-
defined particle number, S ¼ SN ) SN%2 ) . . . ) S0,

between which coherence never develops. Hence, the den-
sity matrix can be decomposed into a sum of density
matrices in each particle-number sector, any one of which
we label by !n once normalized. Furthermore, any Hilbert
space Sn can be decomposed into a direct product between
motional (m) and spin (s) degrees of freedom, Sn ¼ Sn

m *
Sn
s , and we can define a reduced spin density matrix by

!n
s ¼ TrSm

½!n$. For what follows, it will be useful to define
a fidelity in a given Dicke state of the spin degrees of
freedom of n particles, jS ¼ n=2; Szi, given by the popu-
lation of !n

s in the Dicke state F S;Sz + hS; Szj!n
s jS; Szi.

Here, S and Sz are quantum numbers for the total spin
and its projection along the z axis, respectively.
Two particles.—To make the physics clear in a simple

context, we begin by considering two fermions in a single
double well potential (which could be formed in an optical
superlattice [22,23]). We consider a single wave function
’%ðrÞ in each well (% 2 fL; Rg), denote the creation op-
erator for a fermion in spin state $ and wave function ’%

by c y
$%, and choose an initial state c y

"Lc
y
#Rjvaci without

spin correlations (see Fig. 1). Within a tight binding model
for these two wave functions, the Hamiltonian is

H ¼ %J
X

$

ðc y
$Lc $R þ c y

$Rc $LÞ þU
X

%¼L;R

J y
%J %;

(2)

where J is the interwell hopping, J % ¼ c "%c #% are the
jump operators [Eq. (1)], U ¼ g

R
d3rj’%ðrÞj4 is the on-

site interaction energy, and & ¼ "
R
d3rj’%ðrÞj4 is the on-

site loss rate. The initial state can be decomposed into an
evenly weighted superposition of triplet and singlet
[ðc y

"Lc
y
#R , c y

#Lc
y
"RÞjvaci, with plus for the triplet], and

the spin wave function of the triplet is the entangled Dicke
state j1; 0i. The triplet jti, having a spin wave function that
is symmetric under exchange, has an orbital wave function
that is antisymmetric under exchange, and therefore it is
‘‘dark’’ to s-wave losses (i.e., J Ljti ¼ J Rjti ¼ 0). It also
happens to be an eigenstate of H , and so it is stationary
under propagation of the master equation. On the other
hand, there are no dark eigenstates in the singlet sector, and
as a result !2

s is pure at long times and satisfies F 1;0 ¼ 1
(see Fig. 1). In other words, the steady state of our system,
when restricted to the subspace with two particles, is the
entangled Dicke state j1; 0i. There is also a 50% probabil-
ity of obtaining the vacuum, and hence in an array of
double wells the entanglement fidelity is only unity after
postselection of the nonvacant wells. In this simple ex-
ample we see an important general feature of the physics
we will discuss, that even purely local (intrawell) dissipa-
tion, when coexisting with Hamiltonian dynamics that
delocalizes the particles, generates nonlocal (interwell)
spin correlations in the steady state.
Many particles.—Solving Eq. (1) for initial states with

N > 2 initial particles quickly becomes impossible, but
strong statements can nevertheless be made regarding the
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reactive collisions, which occur both in optically excited
alkaline earth atoms and many dipolar molecules (e.g.
KRb), are typically viewed as an impediment to interest-
ing physics, but clearly this need not be the case. We
expect this physics to enable the distillation of Dicke
states from initially uncorrelated fermionic atoms and
molecules, hence extending the scope of a variety of ex-
perimental progress made in the spin squeezing of bosons.

We thank Jun Ye and Kaden Hazzard for helpful dis-
cussions. This work was supported by grants from the
NSF and from DARPA (OLE Program).

[1] R. Horodecki, P. Horodecki, M. Horodecki, and
K. Horodecki, Rev. Mod. Phys. 81, 865 (2009).

[2] V. Giovannetti, S. Lloyd, and L. Maccone, Science 306,
1330 (2004).

[3] T. Monz, P. Schindler, J. T. Barreiro, M. Chwalla,
D. Nigg, W. A. Coish, M. Harlander, W. Hänsel, M. Hen-
nrich, and R. Blatt, Phys. Rev. Lett. 106, 130506 (2011).
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and P. Zoller, Nat. Phys. 4, 878 (2008).
[12] J. T. Barreiro, M. Müller, P. Schindler, D. Nigg, T. Monz,

M. Chwalla, M. Hennrich, C. F. Roos, P. Zoller, and
R. Blatt, Nature 470, 486 (2011).

[13] H. Krauter, C. A. Muschik, K. Jensen, W. Wasilewski,
J. M. Petersen, J. I. Cirac, and E. S. Polzik, Phys. Rev.
Lett. 107, 080503 (2011).

[14] M. D. Swallows, M. Bishof, Y. Lin, S. Blatt, M. J. Martin,
A. M. Rey, and J. Ye, Science 331, 1043 (2011).

[15] J. J. Garcia-Ripoll, S. Dürr, N. Syassen, D. M. Bauer,
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Uniqueness of the steady state

Here we show that for a 1D harmonic oscillator, in a
particular sector of Hilbert space S n and for a particular
value of S

z, the unique steady state reduced spin density
matrix is given by

⇢

n
s = |n/2, S

zihn/2, S

z|. (S1)

The extension of what follows to the 1D Hubbard chain is
fairly straightforward, and will be described in more de-
tail in future work. As discussed in the text, it is su�cient
to prove that all dark eigenstates of the non-interacting
Hamiltonian
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Z

dx  
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have a maximally symmetric spin wavefunction. To un-
derstand the properties of its dark eigenstates under par-
ticle exchange, we will actually work in first quantization
writing an eigenstate for N particles as

 =
X

~�

A~� �~�(r
1

, . . . , rN )|~�i. (S3)

6

Here the j

th component of the vector ~�, �j 2 {", #},
labels the spin orientation of the j

th particle (along some
arbitrary quantization axis, which we’ll call z), and the
total spin wavefunction in any term of the sum is

|~�i = |�
1

i ⌦ |�
2

i ⌦ · · ·⌦ |�N i. (S4)

The sum over ~� should be understood as independent
summations over each index

X

~�

=
X

�1

X

�2

· · ·
X

�N

, (S5)

the coe�cients A~� are arbitrary, and �~� is a normalized
orbital wavefunction for the N particles. Dark states of s-
wave losses have zero expectation value in the interaction
operator

U =
X

m<n

Umn = g

X

m<n

�(rm � rn), (S6)

and this expectation value can be evaluated as

U =
Z

Dr  ⇤ U  

=
X

~�

|A~�|2
Z

Dr �⇤
~� U �~�, (S7)

with Dr ⌘
Q

j drj . The last equality holds because the
interaction is spin-independent. It is crucial to realize
that the operator U is positive-semidefinite, which means
that satisfying U = 0 actually implies the stricter con-
straint

Z
Dr �⇤

~� U �~� = 0 8~�. (S8)

In addition to the operator U being positive-semidefinite,
the constituent pairwise interaction operators are as well.
Hence, the condition

R
Dr �⇤

~� U �~� = 0 actually implies
that

Z
Dr �⇤

~� Umn �~� = 0 8 m 6= n. (S9)

The above set of equalities can now be used to pin down
properties regarding the exchange symmetry of the wave
functions �~�.

Implications for the exchange symmetry of the orbital wave
functions

Let’s choose two particles, say particle 1 and particle
2, and define relative and center-of-mass coordinates for
them as r = r

1

� r

2

and R = (r
1

+ r

2

)/2. We can then
expand the wavefunction �~� in a way that makes the
symmetrization with respect to exchange of particles 1
and 2 explicit:

�~� =
X

�s

B~��s ⇥ '↵(�,s)(r)'�(R) s(r3

, . . . , rN ). (S10)

In the above '↵ are harmonic oscillator wavefunctions,
the  s are a complete and orthonormal set of eigenfunc-
tions for the remaining N � 2 particles, and the notation
↵(�, s) implies that the relative wavefunction of particles
1 and 2 is uniquely determined by � and s. This point is
crucial, and relies on the observation that for  to be an
eigenstate, when expanded in terms of eigenstates �� all
of the eigenstates must have the same eigenvalue. Hence
the energies of states ↵, �, and s are constrained to add
to some fixed value. From now on we’ll drop this explicit
dependence. The interaction energy between particles 1
and 2 is given by
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12
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and hence U

12

= 0 implies that

B~��s'↵(0) = 0 8 �, s (S12)

So B~��s must be zero for all even wave functions (all of
which are finite at the origin), implying that �~� is strictly
odd under interchange of particles 1 and 2. By repeating
the above argument for two arbitrary particles m and n,
it is easy to see that �~� is strictly odd under interchange
of any two particles.

Implications for the spin wavefunction

We can now ask what the antisymmetry of �~� implies
for the full wave function

 =
X

~�

A~� �~�(r
1

, . . . , rN )|~�i. (S13)

Under interchange of two arbitrary particles we have
|~�i ! |~�0i, and we obtain the new wave function
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implying that
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1

, . . . , rN ) = A~�0 �~�0(r
1

, . . . , rN ). (S15)

The second equality follows because switching � $ �

0

in the summand just changes the order of the terms in
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• For N trapped atoms, we prepare a completely symmetric spin state 

• From the initial state, we choose  

• Entangled state with Heisenberg-limited scaling of precision

accuracy of the final Dicke state superior to that of the
initial N fermion uncorrelated state.

Rather than allowing losses amongst a macroscopic
sample of atoms, for which the approach to the steady state
could be quite slow, we imagine an array of T 1D tubes
created by a 2D optical lattice (see Fig. 3). Although there
will be variations in the atom number from tube to tube, for
simplicity we take each tube to have exactlyN fermionic
AEAs in the 1S0 electronic state and Iz ¼ I nuclear-spin
state, denoted j1S0; Ii. For the analysis in this Letter to be
valid, the temperature should be small compared to the
vibrational level spacing in the transverse tube direction,
and also low enough that only the harmonic part of the
trapping potential along the tube axis is sampled by the
atoms. A !=2 pulse on the spin degrees of freedom
[j1S0; Ii ! 1ffiffi

2
p ðj1S0; Iiþ j1S0; I $ 1iÞ], followed by single

particle dephasing, generates a statistical mixture of the
two spin states (Iz ¼ I and Iz ¼ I $ 1). Losses can be
initiated by applying a ! pulse on the clock transition
(j1S0; Izi ! j3P0; I

zi). We estimate that this ! pulse can
be achieved on the & 100 "s time scale without exciting
transverse excitations in the tubes (which, if present, vio-
late the assumption of a 1D geometry and destroy the
uniqueness of the steady state). Thus the transfer into 3P0
is sufficiently fast that it can be considered instantaneous
on the initial time scale of reactive collisions-which, based
on universal considerations for a Lieb-Liniger gas, we
estimate to be * 1 ms for experimentally relevant 1D
densities [19]—such that it suddenly initiates strong two-
body s-wave losses.

The steady state of the system is a statistical mixture of
Dicke states in the different tubes, each having some value
of Dj particles (centered around D0 &

ffiffiffiffiffiffiffi
N

p
) and spin

projection Szj (centered around zero). Spin selective transfer

of j3P0; I $ 1i into j1S0; Iimaps the spin degree of freedom
onto the clock states, leaving a spin-polarized sample, and
Ramsey spectroscopy on the clock transition can then be
performed [28]. Despite the fluctuation of both Dj and Szj
from one tube to another, accurate knowledge of the initial
value of total Sz ¼ P

jS
z
j guarantees that the minimum

resolvable rotation angle in a Ramsey experiment scales as

#’min ' 1=D0

ffiffiffiffiffi
T

p
: (4)

This result is derived in the Supplemental Material [25] and
can be interpreted as the existence of Heisenberg scaling
(' 1=D0) of phase sensitivity for each tube, which is then
combined between tubes in a statistically independent man-

ner (hence the 1=
ffiffiffiffiffi
T

p
). As mentioned above, in order to

utilize this phase sensitivity the initial value of Sz must be
accurately known. Because Sz is conserved by the losses, it
can be measured before transfer to the 3P0 state, and hence
the measurement does not need to preserve any interparticle
correlations (since these develop during the losses). Accurate
measurements of this type and precision for'100 atoms in
an optical cavity have recently been demonstrated [29].
The primary limitations on the final state fidelity achiev-

able in experiments are likely to be a combination of finite
p-wave losses (which the Dicke states are not dark to) and
magnetic field gradients. At sub-"K temperatures, the
s-wave losses in a spin mixture of 87Sr are expected to
be about an order of magnitude faster than the p-wave
losses [18]. For reactive molecules (or 171Yb), where the
inelastic collisions are expected to more fully saturate the
unitarity bound [17], this separation of rates will most
likely be even larger. Magnetic field gradients couple
sectors of different total S, all of which are separated
from the Dicke manifold by a gap for finite systems and
nonzero aR, so in principle their adverse effects can be
suppressed to first order [30]. Furthermore, if the two
components of the Fermi gas are two nuclear spin states
of an AEA, they will be extremely insensitive to magnetic
field gradients: We estimate that typical gradients
(1 mG=cm) will cause spin dephasing on a 100 s time
scale for a linear system size of 100 "m. This time scale
is several orders of magnitude longer than the initial two-
body loss rate in tightly confined 1D tubes, which we
estimate to be on the order of 10 ms for 87Sr (assuming a
50ER 2D lattice and scaling the density dependent loss rate
from Ref. [18]), and even faster for 171Yb [17]. A more
quantitative analysis of the effects of both magnetic field
imperfections and finite p-wave losses requires numerics
beyond the scope of this work, and is left for future study.
We thank Jun Ye, Kaden Hazzard, and Goulven

Quéméner for helpful discussions. This work was sup-
ported by NIST, the NSF (PIF and PFC grants), AFOSR
and ARO individual investigator grants, and the ARO with
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FIG. 3 (color online). (a) An array of T 1D tubes, each having
Dj atoms in a Dicke state. (b) Bloch sphere representation of a
Dicke state in a particular tube.
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accuracy of the final Dicke state superior to that of the
initial N fermion uncorrelated state.

Rather than allowing losses amongst a macroscopic
sample of atoms, for which the approach to the steady state
could be quite slow, we imagine an array of T 1D tubes
created by a 2D optical lattice (see Fig. 3). Although there
will be variations in the atom number from tube to tube, for
simplicity we take each tube to have exactlyN fermionic
AEAs in the 1S0 electronic state and Iz ¼ I nuclear-spin
state, denoted j1S0; Ii. For the analysis in this Letter to be
valid, the temperature should be small compared to the
vibrational level spacing in the transverse tube direction,
and also low enough that only the harmonic part of the
trapping potential along the tube axis is sampled by the
atoms. A !=2 pulse on the spin degrees of freedom
[j1S0; Ii ! 1ffiffi

2
p ðj1S0; Iiþ j1S0; I $ 1iÞ], followed by single

particle dephasing, generates a statistical mixture of the
two spin states (Iz ¼ I and Iz ¼ I $ 1). Losses can be
initiated by applying a ! pulse on the clock transition
(j1S0; Izi ! j3P0; I

zi). We estimate that this ! pulse can
be achieved on the & 100 "s time scale without exciting
transverse excitations in the tubes (which, if present, vio-
late the assumption of a 1D geometry and destroy the
uniqueness of the steady state). Thus the transfer into 3P0
is sufficiently fast that it can be considered instantaneous
on the initial time scale of reactive collisions-which, based
on universal considerations for a Lieb-Liniger gas, we
estimate to be * 1 ms for experimentally relevant 1D
densities [19]—such that it suddenly initiates strong two-
body s-wave losses.

The steady state of the system is a statistical mixture of
Dicke states in the different tubes, each having some value
of Dj particles (centered around D0 &

ffiffiffiffiffiffiffi
N

p
) and spin

projection Szj (centered around zero). Spin selective transfer

of j3P0; I $ 1i into j1S0; Iimaps the spin degree of freedom
onto the clock states, leaving a spin-polarized sample, and
Ramsey spectroscopy on the clock transition can then be
performed [28]. Despite the fluctuation of both Dj and Szj
from one tube to another, accurate knowledge of the initial
value of total Sz ¼ P

jS
z
j guarantees that the minimum

resolvable rotation angle in a Ramsey experiment scales as

#’min ' 1=D0

ffiffiffiffiffi
T

p
: (4)

This result is derived in the Supplemental Material [25] and
can be interpreted as the existence of Heisenberg scaling
(' 1=D0) of phase sensitivity for each tube, which is then
combined between tubes in a statistically independent man-

ner (hence the 1=
ffiffiffiffiffi
T

p
). As mentioned above, in order to

utilize this phase sensitivity the initial value of Sz must be
accurately known. Because Sz is conserved by the losses, it
can be measured before transfer to the 3P0 state, and hence
the measurement does not need to preserve any interparticle
correlations (since these develop during the losses). Accurate
measurements of this type and precision for'100 atoms in
an optical cavity have recently been demonstrated [29].
The primary limitations on the final state fidelity achiev-

able in experiments are likely to be a combination of finite
p-wave losses (which the Dicke states are not dark to) and
magnetic field gradients. At sub-"K temperatures, the
s-wave losses in a spin mixture of 87Sr are expected to
be about an order of magnitude faster than the p-wave
losses [18]. For reactive molecules (or 171Yb), where the
inelastic collisions are expected to more fully saturate the
unitarity bound [17], this separation of rates will most
likely be even larger. Magnetic field gradients couple
sectors of different total S, all of which are separated
from the Dicke manifold by a gap for finite systems and
nonzero aR, so in principle their adverse effects can be
suppressed to first order [30]. Furthermore, if the two
components of the Fermi gas are two nuclear spin states
of an AEA, they will be extremely insensitive to magnetic
field gradients: We estimate that typical gradients
(1 mG=cm) will cause spin dephasing on a 100 s time
scale for a linear system size of 100 "m. This time scale
is several orders of magnitude longer than the initial two-
body loss rate in tightly confined 1D tubes, which we
estimate to be on the order of 10 ms for 87Sr (assuming a
50ER 2D lattice and scaling the density dependent loss rate
from Ref. [18]), and even faster for 171Yb [17]. A more
quantitative analysis of the effects of both magnetic field
imperfections and finite p-wave losses requires numerics
beyond the scope of this work, and is left for future study.
We thank Jun Ye, Kaden Hazzard, and Goulven
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FIG. 3 (color online). (a) An array of T 1D tubes, each having
Dj atoms in a Dicke state. (b) Bloch sphere representation of a
Dicke state in a particular tube.
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Schematic of dissipative driving in Hilbert space (all atom numbers N)
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symmetric(spin)

not completely 
symmetric(spin)



Preferred dissipative driving (fixed N):

N atoms

Auxiliary 
space

Completely 
symmetric(spin)

not completely 
symmetric(spin)

Schematic of dissipative driving in Hilbert space (all atom numbers N)



Can we “recycle” the atoms, i.e., find a similar scheme without loss?

• Driven dissipative systems with a reservoir gas 

BEC

Raman driving between bands

Bogoliubov excitations / phonons

• Fermi-Hubbard system: Symmetric spatial modes always rotate to doubly-occupied sites 
         e.g., double-well: 

+

–



Protocol:

J. Yago, S. McEndoo, and A. J. Daley, work in progress

U

J1

Deeper lattice, spin+energy-selective Raman transfer 

Free evolution - shallower lattice / smaller U

Cooling to the lowest band via reservoir

BEC



Calculation of master equation dynamics for small systems

J. Yago, S. McEndoo, and A. J. Daley, in preparation

U

J1

4 atoms, M sites, 2 bands; T=J/2 in each step

accuracy of the final Dicke state superior to that of the
initial N fermion uncorrelated state.

Rather than allowing losses amongst a macroscopic
sample of atoms, for which the approach to the steady state
could be quite slow, we imagine an array of T 1D tubes
created by a 2D optical lattice (see Fig. 3). Although there
will be variations in the atom number from tube to tube, for
simplicity we take each tube to have exactlyN fermionic
AEAs in the 1S0 electronic state and Iz ¼ I nuclear-spin
state, denoted j1S0; Ii. For the analysis in this Letter to be
valid, the temperature should be small compared to the
vibrational level spacing in the transverse tube direction,
and also low enough that only the harmonic part of the
trapping potential along the tube axis is sampled by the
atoms. A !=2 pulse on the spin degrees of freedom
[j1S0; Ii ! 1ffiffi

2
p ðj1S0; Iiþ j1S0; I $ 1iÞ], followed by single

particle dephasing, generates a statistical mixture of the
two spin states (Iz ¼ I and Iz ¼ I $ 1). Losses can be
initiated by applying a ! pulse on the clock transition
(j1S0; Izi ! j3P0; I

zi). We estimate that this ! pulse can
be achieved on the & 100 "s time scale without exciting
transverse excitations in the tubes (which, if present, vio-
late the assumption of a 1D geometry and destroy the
uniqueness of the steady state). Thus the transfer into 3P0
is sufficiently fast that it can be considered instantaneous
on the initial time scale of reactive collisions-which, based
on universal considerations for a Lieb-Liniger gas, we
estimate to be * 1 ms for experimentally relevant 1D
densities [19]—such that it suddenly initiates strong two-
body s-wave losses.

The steady state of the system is a statistical mixture of
Dicke states in the different tubes, each having some value
of Dj particles (centered around D0 &

ffiffiffiffiffiffiffi
N

p
) and spin

projection Szj (centered around zero). Spin selective transfer

of j3P0; I $ 1i into j1S0; Iimaps the spin degree of freedom
onto the clock states, leaving a spin-polarized sample, and
Ramsey spectroscopy on the clock transition can then be
performed [28]. Despite the fluctuation of both Dj and Szj
from one tube to another, accurate knowledge of the initial
value of total Sz ¼ P

jS
z
j guarantees that the minimum

resolvable rotation angle in a Ramsey experiment scales as

#’min ' 1=D0

ffiffiffiffiffi
T

p
: (4)

This result is derived in the Supplemental Material [25] and
can be interpreted as the existence of Heisenberg scaling
(' 1=D0) of phase sensitivity for each tube, which is then
combined between tubes in a statistically independent man-

ner (hence the 1=
ffiffiffiffiffi
T

p
). As mentioned above, in order to

utilize this phase sensitivity the initial value of Sz must be
accurately known. Because Sz is conserved by the losses, it
can be measured before transfer to the 3P0 state, and hence
the measurement does not need to preserve any interparticle
correlations (since these develop during the losses). Accurate
measurements of this type and precision for'100 atoms in
an optical cavity have recently been demonstrated [29].
The primary limitations on the final state fidelity achiev-

able in experiments are likely to be a combination of finite
p-wave losses (which the Dicke states are not dark to) and
magnetic field gradients. At sub-"K temperatures, the
s-wave losses in a spin mixture of 87Sr are expected to
be about an order of magnitude faster than the p-wave
losses [18]. For reactive molecules (or 171Yb), where the
inelastic collisions are expected to more fully saturate the
unitarity bound [17], this separation of rates will most
likely be even larger. Magnetic field gradients couple
sectors of different total S, all of which are separated
from the Dicke manifold by a gap for finite systems and
nonzero aR, so in principle their adverse effects can be
suppressed to first order [30]. Furthermore, if the two
components of the Fermi gas are two nuclear spin states
of an AEA, they will be extremely insensitive to magnetic
field gradients: We estimate that typical gradients
(1 mG=cm) will cause spin dephasing on a 100 s time
scale for a linear system size of 100 "m. This time scale
is several orders of magnitude longer than the initial two-
body loss rate in tightly confined 1D tubes, which we
estimate to be on the order of 10 ms for 87Sr (assuming a
50ER 2D lattice and scaling the density dependent loss rate
from Ref. [18]), and even faster for 171Yb [17]. A more
quantitative analysis of the effects of both magnetic field
imperfections and finite p-wave losses requires numerics
beyond the scope of this work, and is left for future study.
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Maximum fidelity in the presence of a field gradient

J. Yago, S. McEndoo, and A. J. Daley, in preparation

• Rotation between symmetric and anti-symmetric states 
• In progress: Scaling with system size, use of Raman sideband cooling 

6 atoms, 6 sites, 2 bands; T=J/2 in each step
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Related work – chiral spin networks

Quantum Optics of Chiral Spin Networks
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We consider a 1D spin chain coupled to a chiral 1D bosonic bath and show how the interplay be-
tween coherent drive and collective (chiral) decay can give rise to the emergence of pure multipartite
entangled steady states. We further show that the entanglement generated in such spin systems can
be detected via measurements of the Fisher Information, revealing their usefulness in the context of
quantum metrology.
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I. INTRODUCTION

In the present work we study open system quantum
dynamics of chiral spin networks from a quantum optical
perspective. Such spin networks consist of nodes rep-
resented by spin-1/2 systems, which are coupled to 1D
wave guides as quantum channels carrying bosonic ex-
citations that connect the various nodes, as illustrated
in Fig. 9(a-b). In addition, these wave guides provide
the input and output channels of our quantum network
in the spirit of an open quantum system, allowing driv-
ing and continuous monitoring of the dynamics of quan-
tum spins. In a quantum optical setting, the spins rep-
resenting the nodes will be two-level atoms, which can
be driven by injected light fields, and emit and absorb
photons into the right and left traveling modes of the
1D wave guides represented by optical fibers or photonic
structures, thus mediating effective interactions between
the two-level atoms. As discussed in previous studies,
the 1D character of the quantum reservoir manifests it-
self in unique features including long-range dipole-dipole
coupling and collective decay of the two-level systems as
superradiant and subradiant decay.

In contrast, the novel aspect underlying our study be-
low is the assumption of chiral character of the wave
guides representing the photonic channels. By chiral-
ity we mean that the symmetry of emission of photons
from the two-level atoms in coupling to the right and
left-propagating modes in the 1D wave guides is bro-
ken. This allows the formation of novel non-equilibrium
quantum quantum phases as steady states of the open
system dynamics in chiral quantum spin networks, in-
cluding the driven-dissipative evolution as "cooling" to
pure states of entangled spin clusters. While in previous
work we have discussed formation of entangled spin clus-
ters for the (idealized) purely unidirectional wave guide,
we have recently presented first results that these driven-
dissipative scenarios of formation of pure entangled spin
clusters is, in fact, the generic case for chiral spin net-
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Figure 1. (a) Spin chain coupled to a single 1D chiral waveg-
uide. (b) Spin network coupled via three different chiral
waveguides m = 1, 2, 3. Waveguide m = 1 passes the spins in
the order (1, 2, 3, 4), whereas m = 2 does it in order (1, 3, 2, 4),
and m = 3 in order (2, 1, 4, 3).

works under fairly general conditions. It is the purpose
of the present paper to present an in depth study of this
quantum dynamics and pure entangled spin cluster for-
mation in chiral spin networks including imperfections.

The present work is also strongly motivated by recent
experiments and proposals for the the realization of chi-
ral spin networks with quantum optical systems. This in-
cludes the remarkable recent experimental demonstration
by Rauschenbeutel and collaborators of a single atom
coupled to a fiber resulting in unidirectional spontaneous
emission of photons, and a related experiment with quan-
tum dots coupled to photonic nano-structures by Lodahl
et al. . In contrast to these photonic experiments, we
have shown in Ref. xx that phonons (or Bogoliubov exci-
tations) in a spin-orbit coupled Bose Einstein condensate
(SOC BEC) provide a realization of a chiral wave guide
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Chiral spin networks with cold atoms

• Spin-orbit coupled reservoirs create left-right asymmetry in excitations 

• Careful choice of oscillator spacing, lattice period lead to cascaded quantum spins

T. Ramos, H. Pichler, A. J. Daley, and P. Zoller, PRL 113, 237203 (2014) 
S. McEndoo, and A. J. Daley, work in progress

BEC



Two spins – a cascaded quantum system

T. Ramos, H. Pichler, A. J. Daley, and P. Zoller, PRL 113, 237203 (2014) 
S. McEndoo, and A. J. Daley, work in progress
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is the spin-dimer state of a pair of spin-1/2 particles at
lattice sites j, l with |gi , |ei denoting the corresponding
ground and excited states, and ↵ a parameter defined be-
low. This result is valid for a generic range of parameters
in the case of reservoirs with broken left-right symmetry
and an even number of spins [cf. Fig. 1(a)]. Further, it
is also of immediate relevance in the context of recent
proposals and experiments for two-level systems (TLSs)
coupled to a photonic chiral reservoir [36–39].

Model.— We realize a driven dissipative spin chain cou-
pled to a 1D bosonic reservoir with a two-species mixture
of quantum gases. The corresponding setup is shown in
Figs. 1(b)- 1(d). The spin chain is represented by spin-
less atoms of a first species a (with mass m
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), trapped
in a species-selective 1D optical lattice [3] of period d
[cf. Fig. 1(b)]. We assume filling with one atom per site
and a deep lattice to completely suppress the tunneling
(Mott insulator). Thus, the ground and first vibrational
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, or effective spin-1/2. Other
vibrational states are decoupled due to the lattice anhar-
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The 1D bosonic quantum reservoir is realized with a
second atomic species b (with mass m

b

). We assume,
again, trapping in a 1D geometry (aligned with the opti-
cal lattice), however, with the atoms b now moving freely
along a homogeneous 1D wire. In addition, we prepare
them in the quasi-BEC regime [34, 35, 40–42]; i.e., the
linear density ⇢̄ satisfies ~2⇢̄2/m

b

� k
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T, µ, with T the
temperature and µ the chemical potential. Atoms a will
couple to the reservoir atoms b via collisional interactions.
In particular, there will be resonant processes, where an
atom a “decays” from |ei to |gi, creating an excitation of
energy ~! in the reservoir gas [27, 43, 44] [cf. Fig. 1(b)].
These excitations will propagate along the wire and rep-
resent the right- and left-moving bosonic excitations con-
stituting our 1D bath. First experiments along these lines
have been realized with a three-dimensional BEC as the
reservoir [3, 4].

A chiral reservoir with asymmetric decay of spins to
left- and right-moving modes (�
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) is obtained by
adding SOC to the 1D quasi-BEC. Following Ref. [29],
SOC with equal Rashba and Dresselhaus contributions

can be implemented by coupling two internal states |"i
and |#i of the reservoir atoms b via Raman lasers with
momentum transfer 2~k0, coupling strength ⌦0, detun-
ing 2�0 and recoil energy E0 ⌘ ~2k20/(2mb

) [cf. Fig. 1(c)].
Using an extension of Bogoliubov theory to quasiconden-
sates [40, 42], one can diagonalize the reservoir Hamilto-
nian in terms of Bogoliubov-like excitations as Hres =P
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. We refer to Supplemental Material
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is the corresponding excitation
spectrum shown in Fig. 1(d) for ~⌦0 ⌧ E0. What is
crucial for our proposal is that at energies ⇠ E0, there
is an energy window ⇠⌦0 in which excitations are chi-
ral; i.e., all excitations with positive group velocity are
strongly polarized along |"i, while the ones with nega-
tive group velocity are strongly polarized along |#i. This
locking of the propagation direction to the spin is rem-
iniscent of chiral edge modes in systems with artificial
gauge fields [56, 57]. To be specific, the excitation spec-
trum of Fig. 1(d) is obtained when the SOC quasi-BEC is
prepared in the so-called plane wave phase [58–60] with
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⇢̄(g"" � g"#)/2 < ~|�0| ⌧ E0, where g"", g##, g"# � 0 are
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mean densities of the different quasi-BEC spin compo-
nents (⇢̄ = ⇢̄"+⇢̄#). A feature of the synthetic SOC is the
tunability of this spin polarization with ⌦0 [cf. Fig. 2(a)].

We take a quantum optical point of view in describ-
ing the system-bath interaction, which is motivated by
the analogy with TLSs coupled to a 1D photonic bath
in the weak coupling limit. Microscopically, it is given
in our setup by collisional interactions between a and b
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Related ongoing work…. Chiral spin networks

• Cascaded quantum system, interferences between classical and cascaded driving  
• Dimerised steady state also with asymmetric, bidirectional couplings

T. Ramos, H. Pichler, A. J. Daley, and P. Zoller, PRL 113, 237203 (2014) 
S. McEndoo, and A. J. Daley, work in progress
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In a rotating-wave approximation (RWA) [15] we neglect
intraband couplings, because (i) the coupling constants
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� (k) ! 0 for k ! k
m

reflecting the vanishing static
structure factor in the phononic part of the Bogoliubov
spectrum, and (ii) the roton gap (at krot⇠�k
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) is large
enough such that excitations around the roton minimum
are suppressed, i.e. ~!
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� (krot)| [cf. Fig. 5(a)].
In this RWA, we can therefore restrict the reservoir only
to resonant excitations with energies around the inter-
band transition frequency !. By placing ~! in the spin-
orbit gap at energies ⇠ E0 [cf. Fig.1(d) of the main text]
there are two such resonant types of excitations, left mov-
ing ones with wavevectors k 2 [k
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also given in Eqs. (3) and (4) of the main text (s = L,R).
Here we evaluated the integrals in Eq. (53), by approxi-
mating the Wannier states with harmonic oscillator wave-
functions giving ⌘(k) ⌘ (E0/~!)(mb

/m
a

)[(k � k
m

)/k0]
2.

B. Constraint on the lattice wavevector

We note that the requirement ~!⇠E0 constrains the
choice of lattice depth V0 and lattice wave vector klat.
Taking this into account, the condition for a deep lattice
required to define our two-level system reads,
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To satisfy this condition, it is required that the lattice
wavevector is smaller than the Raman one, k0 > klat and
also that the lattice atoms are heavier than the reservoir
ones, m

a

> m
b

.

C. Inclusion of a shallow trapping potential aligned
with the optical lattice

Throughout this work we have assumed the reservoir to
be perfectly infinite and homogeneous along one dimen-
sion. In this case, the system-bath coupling constants
in Eq. (53) are independent of j and the resulting decay
rates to left and right moving modes in Eq.(55) are ho-
mogeneous. The inclusion of a finite trapping potential
will introduce inhomogeneities in the system (e. g. in
the density ⇢̄), as well as boundaries for the propaga-
tion of the reservoir excitations (similar to mirrors). The
validity of the Markovian master equation in Eq. (5) of
the main text relies on the fact that the reservoir exci-
tations propagate out to infinity, and therefore the trap-
ping depth must be lower than the energy ~! of these
excitations, such that they can actually escape from the
trap [17]. Secondly, it is possible to generalize our mas-
ter equation to account for inhomogeneous couplings, as
shown in Eq. (37) of Ref. [16]. The dimer formation is
not altered by these inhomogeneities, as long as the den-
sity ⇢̄(x) varies slowly on a scale ⇠ 2d, such that two
neighboring spins can still couple equally to the chiral
reservoir and locally dimerize.
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To satisfy this condition, it is required that the lattice
wavevector is smaller than the Raman one, k0 > klat and
also that the lattice atoms are heavier than the reservoir
ones, m

a

> m
b

.

C. Inclusion of a shallow trapping potential aligned
with the optical lattice

Throughout this work we have assumed the reservoir to
be perfectly infinite and homogeneous along one dimen-
sion. In this case, the system-bath coupling constants
in Eq. (53) are independent of j and the resulting decay
rates to left and right moving modes in Eq.(55) are ho-
mogeneous. The inclusion of a finite trapping potential
will introduce inhomogeneities in the system (e. g. in
the density ⇢̄), as well as boundaries for the propaga-
tion of the reservoir excitations (similar to mirrors). The
validity of the Markovian master equation in Eq. (5) of
the main text relies on the fact that the reservoir exci-
tations propagate out to infinity, and therefore the trap-
ping depth must be lower than the energy ~! of these
excitations, such that they can actually escape from the
trap [17]. Secondly, it is possible to generalize our mas-
ter equation to account for inhomogeneous couplings, as
shown in Eq. (37) of Ref. [16]. The dimer formation is
not altered by these inhomogeneities, as long as the den-
sity ⇢̄(x) varies slowly on a scale ⇠ 2d, such that two
neighboring spins can still couple equally to the chiral
reservoir and locally dimerize.

III. DIMERIZED STEADY STATE SOLUTION
FOR ASYMMETRIC BIDIRECTIONAL

COUPLING

In this section we give a proof that the dimerised pure
state | i =

N
N/2
i=1 |Di2i�1,21 is a steady state of Eq. (5)

of the main text for any ratio 0  �
L

/�
R

< 1. We
also perform numerics for small system sizes in order to
extract the scaling of the timescale tss to reach this state
as �

L

/�
R

! 1.

A. Construction of the dimerized steady state

We remind the reader that we consider the setting ⌦
i

=
⌦, ⌫ = ! and (k

R

� k
L

)d = 4⇡n (with n integer). We
additionally assume ⌦⇤ = ⌦ without loss of generality.
In this case, the master equation can be rewritten as

⇢̇ = �(i/~)[Hsys, ⇢] + L
L

⇢+ L
R

⇢, (57)

where the Liouvillian term L
R

describes cascaded evolu-
tion to the right, and L

L

cascaded evolution to the left,
that is

L
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Figure 2. Tunability of decay asymmetry into chiral left- and
right-moving modes (a) �L/�R as a function of ~⌦0/E0 for
ga# = ga" (solid line) and ga# =0 (dashed line). The dash-
dotted line shows the reservoir spin polarization ⇢̄#/⇢̄". (b)
Density fluctuation coefficients Q�

�(k) (�=", #) in the lower
branch for ~⌦0=0.2E0. The wave vectors for left- and right-
moving excitations ks (s=L,R) are indicated, where Q�

�(ks)
show their strong spin polarization. Other parameters are
⇢̄ = 6.14k0, ma/mb = 2, g"" = g"# = g## = 0.23E0/k0, ga" =
�0.37E0/k0, ~!=1.46E0 and �0=�0.004E0.

RWA Hamiltonian as (cf. Ref. [45])

Hint =i~
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s=L,R

r
�
s

|v
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|
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X

k2Is,j

�†
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with decay rates into the left and right propagating
modes (s=R,L) given by
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Here g
a", ga# are the collisional couplings between a and

b atoms, and ⌘(k) ⌘ (E0/~!)(mb

/m
a

)[(k � k
m

)/k0]
2.

The physical origin of the decay asymmetry �
R

6= �
L

is primarily the preparation of the reservoir in the plane
wave phase at k

m

>0. For ~⌦0⌧E0, the reservoir atoms
are strongly spin polarized ⇢̄" � ⇢̄# [cf. Fig. 2(a)], sup-
pressing the creation of left-moving excitations in the
spin-conserving collisions due to the small overlap of the
spin wave functions. In addition, creating left- or right-
moving excitations requires different momentum trans-
fers [cf. Fig. 1(d)] which also give rise to an asymmetry,
reflected by the coupling constants ⌘(k

s

). As illustrated
in Fig. 2(a), the decay asymmetry can be tuned with ⌦0

from essentially unidirectional �
L

/�
R

⌧ 1 to fully bidi-
rectional �

L

/�
R

= 1. Another mechanism for an asym-
metry is provided in the case of spin-dependent collisions
(g

a" 6= g
a#). In particular, for g

a" � g
a#, there is pre-

dominant decay to the right-moving modes. Remarkably,
there are parameters for which Q"

�(kL)=0 (cf. Ref. [45]),
making it possible to realize an ideal cascaded spin chain
with �

L

= 0, if g
a#=0 [cf. Fig. 2(a)].

Master equation.— We derive a master equation for
the reduced density operator ⇢(t) of the spin chain by
eliminating the reservoir atoms in the Born-Markov ap-
proximation [27, 61]. For ~!� k

B

T , and neglecting re-
tardation effects provided �

s

⌧ 2⇡|v
s

|/(Nd) [16, 62], we

find

⇢̇ = �(i/~)[Hsys, ⇢] + LB⇢+ LC⇢, (5)

where Hsys is defined in Eq. (2) and the Liouvillian terms
describing reservoir-mediated interactions read
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In writing Eq. (5) we used the notation D(a, b)⇢ ⌘
2a⇢b†�b†a⇢�⇢b†a and assumed �� ⌘ �

R

��
L

� 0. Ad-
ditionally, we defined phase factors �

jl

⌘ (x
j

� x
l

)(k
R

�
k
L

)/2, and redefined �
j

! �
j

e�i(kR+kL�2km)xj/2 and
⌦

j

! ⌦
j

ei(kR+kL�2km)xj/2. The Liouvillian L
B

is famil-
iar from TLSs coupled to a symmetric (bidirectional) 1D
waveguide [16, 23]. It contains a coherent (Hamiltonian)
part, describing infinite-range dipole-dipole interactions
and an incoherent part with “quantum jump operators”
[61] associated with infinite-range superradiant collective
decay. Its strength is given by the smaller of the decay
rates �

L

. The last term, L
C

, is the Liouvillian of a cas-
caded quantum system [10, 61], i.e., where bath excita-
tions can only move to the right. Its strength is given by
�� and thus it appears only if the left-right symmetry is
broken.

Quantum spin dimers as the steady state.— We con-
sider a situation where the lattice spacing d is commen-
surate with the wavelength of the reservoir excitations,
(k

R

� k
L

)d = 4⇡n (n is an integer [63]), so that the
dipole-dipole interactions vanish. In addition, we assume
that all spins are driven homogeneously, ⌦

j

=⌦, and on-
resonance, ⌫=!.

We note that for �� = 0, Eq. (5) reduces to a totally
symmetric Dicke model, where a nonequilibrium quan-
tum phase transition at a critical driving ⌦

c

⌘N�
L

/4 has
been predicted [21, 23]. In this case, only coupling within
the so-called Dicke manifolds is allowed, which leads to
multiple steady states. In contrast, when �� 6= 0 this
symmetry is broken and the steady state is unique. Re-
markably, for an even number of spins, the steady state
is pure and it dimerizes; i.e., each spin pairs up with
one of its neighbors in the entangled state |Di given in
Eq. (1) with the singlet fraction ↵ = 2i

p
2⌦⇤/��. Such

a dimerized state represents a dark state of the driven-
dissipative many-body dynamics [64], where excitations
are exchanged between two adjacent spins, but they do
not escape from the pair due to quantum interference.
For the ideal cascaded case (�

L

= 0), Ref. [10] has previ-
ously discussed such “cooling to dimers” with engineered
optomechanical systems. In Ref. [45], we give a formal
proof that this dimerization is in fact the generic steady
state of Eq. (5) for the whole range 0  �

L

/�
R

< 1.
To gain insight into how a spin chain dynamically

purifies and arranges itself into dimers, we numerically
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Figure 2. Tunability of decay asymmetry into chiral left- and
right-moving modes (a) �L/�R as a function of ~⌦0/E0 for
ga# = ga" (solid line) and ga# =0 (dashed line). The dash-
dotted line shows the reservoir spin polarization ⇢̄#/⇢̄". (b)
Density fluctuation coefficients Q�

�(k) (�=", #) in the lower
branch for ~⌦0=0.2E0. The wave vectors for left- and right-
moving excitations ks (s=L,R) are indicated, where Q�

�(ks)
show their strong spin polarization. Other parameters are
⇢̄ = 6.14k0, ma/mb = 2, g"" = g"# = g## = 0.23E0/k0, ga" =
�0.37E0/k0, ~!=1.46E0 and �0=�0.004E0.
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Here g
a", ga# are the collisional couplings between a and
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The physical origin of the decay asymmetry �
R
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is primarily the preparation of the reservoir in the plane
wave phase at k

m

>0. For ~⌦0⌧E0, the reservoir atoms
are strongly spin polarized ⇢̄" � ⇢̄# [cf. Fig. 2(a)], sup-
pressing the creation of left-moving excitations in the
spin-conserving collisions due to the small overlap of the
spin wave functions. In addition, creating left- or right-
moving excitations requires different momentum trans-
fers [cf. Fig. 1(d)] which also give rise to an asymmetry,
reflected by the coupling constants ⌘(k
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). As illustrated
in Fig. 2(a), the decay asymmetry can be tuned with ⌦0

from essentially unidirectional �
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= 1. Another mechanism for an asym-
metry is provided in the case of spin-dependent collisions
(g

a" 6= g
a#). In particular, for g

a" � g
a#, there is pre-

dominant decay to the right-moving modes. Remarkably,
there are parameters for which Q"

�(kL)=0 (cf. Ref. [45]),
making it possible to realize an ideal cascaded spin chain
with �

L

= 0, if g
a#=0 [cf. Fig. 2(a)].

Master equation.— We derive a master equation for
the reduced density operator ⇢(t) of the spin chain by
eliminating the reservoir atoms in the Born-Markov ap-
proximation [27, 61]. For ~!� k

B

T , and neglecting re-
tardation effects provided �
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|/(Nd) [16, 62], we

find
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where Hsys is defined in Eq. (2) and the Liouvillian terms
describing reservoir-mediated interactions read
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[61] associated with infinite-range superradiant collective
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. The last term, L
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, is the Liouvillian of a cas-
caded quantum system [10, 61], i.e., where bath excita-
tions can only move to the right. Its strength is given by
�� and thus it appears only if the left-right symmetry is
broken.

Quantum spin dimers as the steady state.— We con-
sider a situation where the lattice spacing d is commen-
surate with the wavelength of the reservoir excitations,
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)d = 4⇡n (n is an integer [63]), so that the
dipole-dipole interactions vanish. In addition, we assume
that all spins are driven homogeneously, ⌦
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=⌦, and on-
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We note that for �� = 0, Eq. (5) reduces to a totally
symmetric Dicke model, where a nonequilibrium quan-
tum phase transition at a critical driving ⌦
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/4 has
been predicted [21, 23]. In this case, only coupling within
the so-called Dicke manifolds is allowed, which leads to
multiple steady states. In contrast, when �� 6= 0 this
symmetry is broken and the steady state is unique. Re-
markably, for an even number of spins, the steady state
is pure and it dimerizes; i.e., each spin pairs up with
one of its neighbors in the entangled state |Di given in
Eq. (1) with the singlet fraction ↵ = 2i
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2⌦⇤/��. Such

a dimerized state represents a dark state of the driven-
dissipative many-body dynamics [64], where excitations
are exchanged between two adjacent spins, but they do
not escape from the pair due to quantum interference.
For the ideal cascaded case (�
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= 0), Ref. [10] has previ-
ously discussed such “cooling to dimers” with engineered
optomechanical systems. In Ref. [45], we give a formal
proof that this dimerization is in fact the generic steady
state of Eq. (5) for the whole range 0  �
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Ongoing work at Strathclyde:  Theory of coherent / dissipative dynamics

Dynamics in tilted optical lattices

F. Meinert et al., PRL 111, 053003 (2013) 
F. Meinert et al., Science 344, 1259 (2014)
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Fig. 1. Tunneling resonances in a tilted 1D Mott insulator. (A) Schematic view of the

long-range correlations across n sites for a tilt of E = U/n after the quench from the initial 1D

one-atom Mott insulator (top) to the tilted configuration (bottom). Here, n = 3 for illustration

purposes. (B) Number of doublons N
d

as a function of E for t
h

= 200ms after the quench.

Here V
z

= 10E
R

and a
s

= 252(5) a
0

, giving U = 1.077(20) kHz for V
x,y

= 20E
R

. The solid

lines are Lorentzian (for E = U ) and Gaussian (for E = U/2 and E = U/3) fits to the data to

determine the center positions and widths. The insets show matter-wave interference patterns

obtained in TOF at E
1

= U , E
2

= U/2, and E
3

= U/3 taken after t
h

= 1ms, 9ms, and 28ms,

respectively. (C)-(E) Integrated line densities of the TOF images shown in the insets in (B). The

solid lines are fits according to double slit interference patterns with Gaussian envelopes (27).

Error bars in this and all other figures reflect the one-sigma standard deviation.
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Adiabatic state preparation

P. Rabl, A.J Daley, P. O. Fedichev,  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Out-of-equilibrium dynamics in 
systems with long-range interactions

   J. Schachenmayer et al., PRX 3, 031015 (2013) 
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Entanglement measurement

Bosons: A. J. Daley et al., PRL 109, 020505 (2012)  
Fermions: H. Pichler et al., NJP 15, 063003 (2013)



• Spin entanglement: Fermi statistics, s-wave scattering / controlled dissipative dynamics 

• Outlook: 

• Spin-orbit coupled reservoirs / chiral coupling 
• Polarons and impurities 
• Non-markovian dynamics 
• Integration of further techniques from quantum optics with tensor network methods 
    to determine time-dependent dynamics and steady states in larger systems 

Summary / Outlook

•  Coherent and dissipative dynamics provide a new toolbox of techniques for 
     controlling many-body systems of cold atoms, and preparing many-body states 

| i | i+

entanglement!

Reactive collisions in AEAs and molecules

?
A reactive collision is like asking a question... 

BEC


