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Fluctuations?
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Thermodynamic Laws (1824-)
W >AF, AS>0
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“41018 of Deutsche Reichsbahn climbing the Schiefe Ebene, 5 Nov 2016”
[Photo by user Chianti, Wikipedia]



Fluctuations? Bounded!
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Collin et al.,
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Thermodynamic Laws (1824-)
W >AF, AS>0

Fluctuation Relations (1993-)
<e—,8'w> — e—,BAF

Jarzynski equality
Ps(w) = P =4F) p(—w)
Crooks relation

—> Constrain P(w):

(w) 5 (w?) , (w?) ...



G /\'Hﬁn Quantum Jarzynski equality (QJE)
B (e—PW) — o—PAF

>\, & Tasaki-Crooks relation (TCR)
fin

FW x\ : I:Iini 4 | .
S B ~ Urw (1) P_f (’UJ) _ eﬁ(w—AF)
. S /8 o J UFW(T _ t)

QJE: Tasaki (2000), Kurchan (2000), Yukawa (2000), Mukamel (2003),
DeRoeck & Maes (2004); TCR: Tasaki (2000), Monnai (2005)



Testing the Quantum: QJE
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—Bw\ __ _—BAF - -
<e > — € Hini Hﬁn
L 6 Urw (1)
Dissipated work distribution at T = 480 nK, hv/kyT 4 = 2
1F 1F 1F
T=5ps =258
P(w)
>
8 05
=]
a
O,_ = L
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An An An

Th: Huber et al., PRL 2008
Expt: An et al., Nat. Phys. 2015 [one trapped ion]



Testing the Quantum: TCR
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Py(w)

Pb(—w) o

Characteristic func.
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BW- Lw Hini

© B Urw(r—1)
; Th: Dorner et al., & Mazzola et al., PRL 2013
- . Expt: Batalh3do et al., PRL 2014 [liquid NMR]
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Also: TCR-based protocols for quantum probing (thermometry, correlations...):
T.H. Johnson et al., PRA 93, 053619 (2016); M. Streif et al. PRA 94, 054634 (2016); ...
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Conservation vs. Relaxation

(Quasi)particle number

Position (um)
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Kinoshita et al. Natus«e: 2006
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The Phases of QCD
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Conservation vs. Relaxation

(Quasi)particle number Magnetization (e.g. spinor gases
0.7F ' — 0.8 ' ' ' ' ]
é’o ;E; éo.s
Kinoshita et al. Y , M
How do conservation laws e ST w
Ch r et al. PRX 2014
. V) Energy
arge affect fluctuations? — =
& baryonic j
number — K
RHIC .
(BNL) 2, JMP PRA 2009
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Back to the blackboard

Cart Ank.co

Quantum Jarzynski equality

<e—,8w> — e—,BAF

Tasaki-Crooks relation
Pg(w)
Py(—w)

— e,3('w—AF)

“Here’s your problesn—you forgot the sleaze factor.”

Assumptions underlying their derivation:
i) Work defined via two energy-projection measurements_

N
w = Fg, — Ein; -j' p[3 -9 U(t) :‘\/p —P.
= Tr[UpgU ™" Han) — Tr[pgHini] Ev ,:—v
ini fin

Talkner, Hanggi et al., J.Phys.A (2007), PRE (2007), PRE (2016)
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Cartoc b

Back to the blackboard

Quantum Jarzynski equality

<e—,8w> — e—,BAF

Tasaki-Crooks relation
Py(w)

— e,3('w—AF)
Pp(—w)

“Here’s your problesn—you forgot the sleaze factor.”

Assumptions underlying their derivation:
i) Work defined via two energy-projection measurements
ii) Initial state: canonical (Gibbs) equilibrium state:
1
t p— O p— p— —e_’BH
p( )=ps=~

Tasaki (2000); Campisi, Hanggi, Talkner, RMP (2011)



Beyond Gibbs

(0),43(0)23D)]
Split a 1D gas non-adiabatically [Langen et al., Science 2015]
initial gas ¢1{1-|l-—-——-
S S —
Z NI
Two-point correlation function vs. splitting rate:
g 1 ms 2 ms 3 ms 4 ms 6 ms steady state
‘slow 20 .
split’ 0 -
H—zu g
H 20 Iy =
‘fast | _ | E
split” |5, g
. -20 0 20 -20 0 20 -20 l;l 20 -20 O 2.0 =20 0 20 =20 0 20
\_ Z;(pm) \_ Y




Beyond Gibbs
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= (T (21) 0] (21) U] (2n) U2 (2n))

6-point

J

4-point

experiment

IF]

=20 0 20 =20 0 20 -20 0 20 =20 0 20
Z m

-20 0 20 -20 0 20 -20 O 20

Fast split: Need up to 10 different ‘temperatures’ to fit!
=> ‘Memory of conserved quantities’: generalized Gibbs ensemble

pcce = exp (— ) BrQr)/Z

Langen et al., Science 2015




QFRs for GGEs
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“How do conservation laws affect fluctuations?”

\ . “Can we derive QFRs if initial state = GGE?”

* “Which conserved quantities are ‘relevant’in
non-equilibriurmn dynamics (thermalization,
relaxation)?”

P8 =—F > PGGE = 7 , [Qr,H]=0VEk




“Can we derive QFRs for GGEs?”
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BW :=B(E' —E) + ), Bu(Qi — Q)
Fece = —f 'InTrlexp (—BH — Y | BrQx)]

—BE; =k BrQrk;i

Px) =2 ¢ z Pi—s0 [Bx — {BAE + 3., B AQy}]

See also Hickey & Genway, PRE 2014; Guryanova et al., Nat. Comms 2016;
Yunger-Halpern et al., Nat. Comms 2016; Lostaglio et al., arXiv:1511.04420 ...



“Can we derive QFRs for GGEs?”

OXFORD

BW :=B(E' —E) + ), Bu(Qi — Q)
Fece = —f 'InTrlexp (—BH — Y | BrQx)]

—BE; =k BrQrk;i

Px) =2 ¢ z Pi—s0 [Bx — {BAE + 3., B AQy}]

e

/<6—5W> — e BAFcce

- N
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Generalised QJE
Pe(W
e BAFGE — —BW s (W) Generalised TCR
Po(—W)
\\,, //
U( t ) ._i'/ /_1\‘*-.‘ _r’ -’
p[3 _: —\P—bt AE=E"-E, AQk—Qk -Qk

E Q E,Q

See also Hickey & Genway, PRE 2014; Guryanova et al., Nat. Comms 2016;
Yunger-Halpern et al., Nat. Comms 2016; Lostaglio et al., arXiv:1511.04420 ...



Testing ground: Dicke model

H = hwcomaTa + hwatJ, + Hint ’ Jw,y,z — E :jzl 50'3(13'7;:2;,z
2g
Hyuw=—|(1 —« Ja—I—J_aJr + o(J aT—I—J_a
t \/N [( )( + ) ( + )]

Parameters: wWeom; Wat; g,

For a={0, 1} there’s one © O O
additional conserved charge: e

QzJ—I—Jz—I—a,Ta

i nhum. phonons

Y num. excited atoms
num. atoms




Testing ground: Dicke model

H = hwcomaTa + hwatJ > + Hine Jw,y,z — Zj:l Eaa(r:'z;,z
2g
Hyw=— (]l —« Ja—I—J_aT + o(J aT—I—J_a
‘=N ( )(J+ ) +a(J+ )|
g — (Qrsb + ﬂbsb)/z
¢ = Qpsb/ (Lrsb + Lbsb) Qrsb‘ ’ $ost
For a={0, 1} there’s one { l © O wat<
additional conserved charge: T T
Q=J+J.+aa N = 7 ions (43Ca™)
L wat = 27 X 10 MHz
num. phonons Weom = 277 X 3 MHz
Y num. excited atoms g =2m x (1 —3) MHz
num. atoms

Qrsb,bsb ~ 2T X (0 — 3) MHz



Results: Generalised Jarzynski

p(t =0) = pear(B = 0.1,8g = 0.2)
<€_’8W> — ¢ BAFcce

BW = Bw + Bq(Q' — Q)

QJE with varying protocol duration t:

1.4 |
1.2 |

1 -
0.8 |
0.6 |
0.4
0.2 |

0

__________________________________________________

Q o 9/2nMHz)
;o= N W
(a]
Q

=)

exp (— BAF)
exp ( — BAFcGE)

-3 -25-2-15-1-05 0 05 1 15 2
logqg T



Results: Generalised Jarzynski

p(t =0) = pcge(B =0.1,8¢ = 0.2)

BW BAF g S O e ——
- P - GGE
<e > — € , 5 2 gcr
BW := pw + Bo(Q" — Q) S 4
QJE with varying protocol duration t: a0-5 a0
or=—h FW

1.6 C time [
1.4t
12 | s=—s—s—o——o—g—= — |

11 ° ™ Even if Q(t)=Q, they
0.8 | 1 make a difference
0.6 | |
0.4 ¢ Short evol. exp (— BAF)
0'3 _ exp ( — BAFccE)

3 252 15105 0 05 1 1.5 2 M (exp(—pW))
logyo T [us] ® (exp(—Bw))



Results: Generalised Jarzynski

p(t =0) = pacr(B = 0.1,q = 0.2)

BW BAF g S WO ssssssesmesss———
- o - GGE
(e ) =€ , -2 gcr
,BW = ,Bw—l—,BQ(Q —Q) %1
QJE with varying protocol duration t: a0-5* a(0)
Or—h FW J
1.6 ' ' ' [ | | ' ' ' T time [
1.4 .
12 | I—I—I—I—H—=—:—I—I—I—I—I—I—I—l - gOJE -> Witness to
B . - . 0 )
0; * %o ./' identify all Q’s
. ™ [ - )
0.6 | relevant to dynamics
0.4 | Short evol. Long evol. exp (— BAF)
0-5 | exp ( — BAFgee)

3252 151050 05 1 1.5 2 M (exp(—pW))
log1g T [ps] ® (exp(—pw))



Results: Generalised Jarzynski

p(t =0) = pcce(B =0.1,8¢ = 0.2) = 4
—BW\ _ —BAFgcE 5= A S
<e > € , 5 2 gcr
BW := Bw + Ba(Q" — Q) S
QJE with varying protocol duration t: a0-5* a0
or—=h FW Jd
1.6 time [
1.4 | ]
1.2 | EmEmEmememgmgmemEmRmEmAmmmEmE Y (w) > AFGee
0&13 i ®* o%e° ./"7 increased energy
. L @ T . . .
06 | dissipation
0.4 | Short evol. Long evol. exp (— BAF)
O'g L— exp ( — BAFgce)
3-25-2-15-1-050 05 1 15 2 M (exp(—pBW))

log1g T [ps]

® (exp(—pw))



Results: Generalised Jarzynski

p(t=0) = page(B=0.1,8 = —0.2)
<€_’8W> — e BAFcce

BW = Bw + Bo(Q' — Q)

QJE with varying protocol duration t:

__________________________________________________
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(1 0 N W
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time
Ly w < AFgGE
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I o exp (— BAF)
 e—=—= =8 8 8 s s o s = exp ( — BAFgee)

3 25215105 0 05 1 1.5 2 M (exp(—BW))
logyg T [ps] ® (exp(—pw))



Results: Generalised Tasaki-Crooks

. Q=P s,

Prw (W) = ePW=A2F)Pow (—W) FW: sy U0 !
2 P _ Sw-AF)p_ o

(x) Prw(w) =€ Bw (—w) N YN

BB} Urw(r—1)
Work PDFs for t=1 pus (midly long evolution):

0.06 — 0.07 1

0.054
) P]s W (‘w)

Prw (W)
O exp[B(w — AF)| Pew (—w)

Oexp[B(W — AF)|Pew(—W)

Probability density
o o o
o o o
o w +
| | |
Probability density
© © ©o o ©
o o o o o
N w ELN (8] (8]
| | | 1 1

R || NS |

O I'— M I ! | | ! | ! I ! I ' I I I L I ! T ! I ! I !
-40 -20 0 20 40 60 80 100 -40 -20 0 20 40 60 80 100 120
Generalised work W Mechanical work w

Pini = IOGGE(B — 0175@ — _01) , 17=1.024 S
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Summary
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* Generalised QFRs for GGEs 4 (e=BWY) — ¢—BAF
= Non-equilibrium QTD with GGEs

. Pr(W) =PV =2F)Ppy (—W)
— |dentify conserved charges - J

relevant to dynamics 16
1.4 |
— Applicable to trapped ions expts 2 B
(Kim@Tsinghua, Home@ETH) gg et |
e Outlook g:g - Short evol. Long evol.
— App“caﬁons to probe many- -3 -25 -2 -15 -1IO-§.5T(E ojs 1 15 2
body systems w/ cons.quantities Ho
. ' ? ?
Measuring B ? Thermometry? Qm‘ ’ o
* >1 conserved charges? T R O O O, C
: —_ , P at

— Relaxation vs. integrability ? R
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Discussions with J. Dukelsky, D. Jennings, D. Lucas

Contact me at jordi.murpetit@physics.ox.ac.uk
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FRs: Better than a bound

OXFORD

“Textbook’ laws Fluctuation Relations

2" law [1824/1851/1854/...] Jarzynski equality [1997]

] Q[[ f_\l Q(' -

- <e—5w> _ 6—5AF

T, T

] \J/ _ Crooks relation [1998]
v Pr(w) _ B(w—AF)
W > AF Py(—w)
_q_1c
"= Ty — Constrain P(w):
A5 =0 (W), (w?) , (W% ...



Testing ground: Dicke model
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H — hwcom + hwat _|_ HZ’I’Lt

2
Hint = 2= [(1 = a)(Jya + J_a") + a(Jial + J_a)]

VN

For a={0, 1}: exists additional conserved charge:

Q=J+J,+daa

i no. phonons
Y no. excited atoms
No. atoms




Beyond Gibbs

4-point 6-point

experiment

-20 0 20 -20 0 20 -20 O 20 -2 -20 0 20

Z2(pm) )

Slow split: Correlations well described with Gibbs distribution with... T

independent of initial T: Pre-thermalization
p=-exp(—BerH) /Z

Gring et al., Science 2012; Langen et al., Science 2015




Testing ground: Dicke model
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H — hwcom + hwat _|_ Hznt

2
Hint = = [(1 — a)(Jya + J_a") + a(Jial + J_a)]

VN

g, a = functions of 2,4, psp

For a={0, 1}: exists additional conserved charge

A N '
Ja:,yaz — Z’I":l ]g’%’z
Q:J+Jzia£a 0. % -

= & I+ mat<:

no. phonons |
Y no. excited atoms com
no. atoms



QFRs: Better than a bound

2" law Evans et al. [1993]
[1824/1851/1854/...] Gallavoti-Cohen [1995]
P(AS) AS/k
T” IQ'E[ Q{‘ T[ (—AS) — € B
— ” — SQ — 2k T?Gyh lheat FDT|
' - (b) (c)
W > AF i
_q_ E erzI
77 T, ey
AS > O (d) ' - ' ‘ ' (8)102 7y ' :
— T o Ny e
6@ %54- Tl N+1 §101'><1: I:I}‘E'Z:-..w'l
%?SO ol 4 A W D‘coml
10 20 Time ms]SO 40

Time [ms]

Gustavsson et al. PRL [2006] 96 076605



QFRs: Better than a bound
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2" Jaw
[1824/1851/1854/...]

e N e

Jarzynski equality [1997]

<€—Bw> _ 6—BAF

H (t)

B Z_IZ »Hf
¢ 4
6ooks relation [1998]
Pr(w) _ B(w—AF)
Pb(—w)
fwd” B H; Ihi > H g

\‘bwd’ B H; H(Tt)mqy




Better than a bound
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25

20

Py(W), Pe(-W)

Collin et al., Nature (2005)

Wy ‘

/Jarzynski equality [1997]

<€—6w> _ 6—[3AF

H;

Ht) o p,

6ooks relation [1999]

Bp(—w)

Pr(w) _ B(w—AF)

fwd' B H, —

H{(t) »Hf

ATy

Hy

o \\‘bwd’ 5 [3 Hy




A quenchin 1D

OXFORD
Split 1D gas quasi-adiabatically [Schmiedm./Vienna, 2012]
a 40F ' . ' . ' }
b £ ;]
A0k o } " l_% ?24/§_L_L‘/Llj/
% 30 ' """"""" """"""" " ‘-l'ﬂ‘{ """"""""" qD Elﬂ 3.0 4.‘] E:D El.ﬂ 70
= | : e : Density (um™)
|_E 20f g } PR N SEREEERN b : : : :
: ;"— 3 5 -: 1.5} -
10F L5 ! e e e = .L +
: -
? gls T "H— T
U‘ p " - - cd DD '—I—r'
0 50 100 150 20( 0.5 |
Evolution Time to(ms) 0 20 40 60 80 100 120 140
Theo ry: Initial Temperature T (nK)

-Rapid splitting -> Population of many (uncoupled) eigenmodes
-Thereafter: Dephasing of modes <=> Apparent thermalization to Teff
-Teff determined by energy input in splitting process, indep. of initial T
Expt: Fitted Teff~15mK indep. of initial T=78mK (=initial energy!)
Relaxation to Teff=T: Pre-thermalization



A quenchin 1D
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Split 1D gas quasi-adiabatically
b | }
4[] _, .............................. ............... : ,,,,,,,,,,,,,,, ; .:
’%" 30 ............................. ....'}‘;H-{T".' .........
% 2[] ' """"" } i‘..""}’ """"""""" ; """"""""""
— : - : :
10 -'H; ....... {-.! ..............
oL

0 50 100 150
Evolution Time te(ms)

70

Initial Temperature T (nK)

* Fit 2-point correlation functions -> Extract Teff
* Apparent thermalization with Teff independent of initial T!

‘Relaxation’ to Teff=T: Pre-thermalization

a 40} I
< 3ob ]
€ ¥ i
20. r
5 §
= 10} ]
ﬂ L Il L Il L
10 20 30 40 50 60
Density {um‘1}
1.5} r
Lla 1 ]
~ s 1 11 ~—I——-
0.5 . . . . X .
0 20 40 60 80 100 120

140



The character of the Law
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Human Law - Can be violated
: W y - Fines, prisons, lawyers, judges, police

Befﬁrdérun nur j

mit giltigem
Fahrausweis




Non-equilibrium thermodynamms
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25

2" Law in terms of work

w > AF °

15

Force (pN)

Jarzynski equation (JE)
[PRL & PRE (1997)]

10

(e™Pwy = /e_BwP(w)dw
—BA 0'2_| | Unfc:lding | I1-59NS“= i
= € 6 o ki mmmmme Refolding : 75pNsT 4
Crooks fluctuation theorem (CFT) § |
[PRE (1999)] % i
Pr(w) _ Bw—AF) l
Pb(_w) 0‘9’5”" 100 1065 110 115 120

Wik T

Collin et al., Nature (2005)



The character of the Law
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Human Law Physical Law
- - Can't be violated
- No fines, lawyers...




The character of the Law
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Human Law Physical Law AS>=0
- Can’t be violated - Orit can...
- No fines, police... - For free!




